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Introduction

Because that for the circular relations turned out well, | have decided to complete all of the elementary functions and identities of
the equivalent hyperbolic forms. In this instance | think that it is important that, if for nothing else, that these functions are fully
tabulated for future reference for both interest and potentially tabulation in reference handbooks.

Centripetal force is the inward normal force of circular motion, of both particle and rigid body dynamics. The double crosses, and
hence the double cross hyperbolics, are the centripetal forces [the (IZx)zterm]. [as personal opinion:] It is also the force that pulls

planes and satellites back to earth (the gravitational force). For this reason, | can confidently say that the double cross hyperbolics
are definitely not trivial despite being elementary functions (the ancillary functions for calculus in R®). The inward direction of the
normal force of circular motion is a physical explanation as to why there are negatives on the sinkk, sinjj, and sinii terms when

coupled with Kxkx , jx jx,and ixix in expkk, expjj, and expii. They are also reflections.

In the document Circular Relations of i = kx | determined and tabulated all of the elementary functions of the basis operator
sines, cosines, and tangents: sink (“sine-kay”), sinj (“sine-jay”), sini (“sine-eye”) for sine, cosk (“cos-kay”), cosj (“cos-jay”), cosi
(“cos-eye”) for cosine, and tank (“tan-kay”), tanj (“tan-jay”), and tani (“tan-eye”) for tangent. | did so for the sink law, and
before doing so, it seemed that they were too trivial to state given that they are non-calculus. How it turned out, though, made it
clear the tabulation wasn’t trivial. So I am here completing the tabulation of the basis operators for the hyperbolic functions, of
which there are two types (in light of this further second hyperbolic type in the Almighty Cross Product). The first type is the set

of relations pertaining to the double crosses KxKkx , jx J°>< ,and i xi x . These are sinkk (“sine-kay-kay), sinjj (“sine-jay-
jay”), sinii (“sin-eye-eye”), coskk (“cos-kay-kay”), cosjj (“cos-jay-jay”), cosii (“cos-eye-eye”), tankk (“cos-kay-kay”), tanjj
“cos-jay-jay”), and tanii (“cos-eye-eye”) which are sign (rather than axis) osculating basis functions and are consequently
attenuation factors for the axes of the orthogonalcomplement (the plane orthogonalto the rotation axis). The second type is the set

of hyperbolic functions that are basis operators of the hyperbolic complex numbers ix jx+ jxix, Kxix+ixkx, and

jxkx+Kkx jx rather than the double crosses (KxKx , jx jx ,and i xi x ). These are the hyperbolic functions sinhk (“shine-
kay”), sinhj (“shine-jay”), sinhi (“shine-eye”) for sinh, coshk (“cosh-kay”), coshj (“cosh-jay”), coshi (“cosh-eye”) for cosh, and
tanhk (“than-kay”), tanhj (“than-jay”), and tanhi (“than-eye”) for tanh, which pertain to axis (rather than sign) osculating basis
functions. When the axis osculating hyperbolic sines and cosines are combined in Euler form, these functions produce the

hyperbolic exponentials exphk, exphj, and exphi and are the hyperbolic equivalents to the rotation matrices of the basis
exponentials expk, expj, and expi.

Identities of sinkk and coskk : Hyperbolic Relations of kxkx

Sign Osculating (attenuating) Hyperbolic Sine and Cosine — Relations of the double crosses Kxkx jx jx ,and 1 xix .

All of the elementary properties of the scalar hyperbolic functions and identities of sinh and cosh (and tanh) hold good for basis
hyperbolic sines and hyperbolic cosines (and hyperbolic tangents) similarly as for the circular trigonometric functions for sine and
cosine (and tangent). Similarly as the previous document for the circular relations, this document focuses firstly on those of sinkk
and coskk and then by change of base of those of sinjj and cosjj and similarly sinii and cosii. Then secondly those of sinhk and
cohk and then by change of base those of sinhj and coshj and similarly sinhi and coshi.

Similarly as for the circular relations, I prove the four most important relations for sinkk and coskk with expkk and then change
base with (1) expj(-#2) and expj(72), and (2) expi(#2) and expi(-#2) respectively, to (1) sinjj and cosjj, and (2) sinii and
cosii [l have essentially just converted over all of the mathematics over to the double crosses which seems like laziness but is
rather for purposes consistency between the circular and hyperbolic analogues... the similarities and differences are then more
easily seen]. Similarly as for cosk and sink, all of the proofs for coskk and sinkk are with the basis operators in terms of the Euler
formulae for those operators
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coskké = %(expkk(@) +expkk (-0)) SinkKOK x k x= —%(expkk(e) —expkk (-0))
- Loo(okxkx) + (0K <kx) =L oo(0kxk ) -ep(-0kxk )
= l(eﬁlzxkx 4 e—HIZXIZX ) — _l(eélzxkAx _efekAxlzx )
2 2

Similarly as for cosk and sink, these are then proved again with the diadically expanded matrix operators for coskk and sinkk.
This then proves that it all works in matrix bases and provides an easy and efficient way of doing so with a programmable
calculator (such as a TI-89 which is my means of choice at the moment given that it is dedicated to the purpose without the need
for a compromised os and chip with way too much power to do things that are not in my interest or purpose) or software package
such as MATLAB.

Here again | alternatively, and equivalently, change base to the other principal rotation axes and note again that the relations can
be proved for the other rotation axes due to similarity invariance with

cosjj o = %(expjj (6) +expij (-0)) sinjjo jx jx= —%(expjj () —expjj (-6))
— (0 ]x ) +ep(-0 jx ) ——2{ow(@ix jx)-ep(-0]x jx)
:%(eeixix +e—0ixix) =_%(e9ixi>< _e—ﬁjxjx)
and
cosiié?:%(expii(9)+expii(—6?)) sinii&fxfx:—%(expii(&)—expii(—0))
:%(em(efxfx)+e>§o(—6fxfx)) =—%(e)@(ﬁfxfx)—e)@(—ﬁfxfx))
_ % (eﬁfxfx . efb?iAxiAx) :_%(eﬂfxfx _e—efxfx)

The formulae for the hyperbolic basis sines (sinkk, sinjj, and sinii) are appended by the relevant principal basis cross (kxkx, jxjx,
orixix) to avoid the issue of singular (non-full rank) k-cross squared, j-cross squared, and i-cross squared in the denominator.

The sign osculating double cross hyperbolic identities with sinkk and coskk (k-cross squared equals negative one basis) have
suggested pronunciation [as of this time] “sine-kay-kay” and “cos-kay-kay” whilst those of the axis osculating hyperbolics sinhk
and coshk have suggested pronunciation “shine-kay” and “cosh-kay” (and sinhj “shine-jay” and coshj “cosh-jay” and sinhi
“shine-eye” and coshi “cosh-eye)”. These later functions are considered after the double cross (sign osculating) hyperbolics and
have significant differences. This suggested pronunciation for the two forms of hyperbolics is consistent with that of “sine -kay”
for sink, “cos-kay” for cosk, and “tan-kay” for tank.

Note that a conversion from sink and cosk to sinkk and coskk is to make the argument of sink and cosk a function of kx,
similarly as for 2" year complexanalysis and calculus converting sines and cosines to and fromthe sign osculating (double cross)
hyperbolic basis functions. Important to mention is that this does not present a conversion method to the axis osculating
hyperbolics coshk and sinhk although various other results will likely come to light for the axis osculating hyperbolics in this

regard (when coshk and sinhk are made functions of their hyperbolic basis operator i x j x+ jxi x ).

This is because a expkk has a repeated k-hat double cross eigenvalue and an identity (unrotated) matrix of eigenvectors whilst that

of exphk has a conjugated set of k-hat double cross eigenvalues and a w4 rotation matrixset of eigenvectors which changes base
for the conjugated eigenvalues to i-hat and j-hat axis osculated. So expkk (quadratic roots of the identity 1) is a subset of expk (the
quartic roots of the identity 1) whilst that of exphk is different in that it is not a subset or subgroup of expk as expkk is. Here are
expk, expkk, and exphk for comparison

cosd -singd 0
expk @ =|singd cosd O
0 0 1
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cosh® —sinh@ 0 0) (e? 0 0
expkk 0 = 0 cosh@—sinhe 0|=| 0 e
0 0 1 0 0

coshd sinhg 0
exphk 6 =| sinh@ coshd 0
0 0 1

The sign change on scalar exponentials in the diadically expanded form of expkk, and those on the sinh scalars that remain on the
main diagonal (rather than osculating between i-hat and j-hat), is due to the property of the double cross (I<A><)2 =-1.This is the

reflection from the square of i= K x.

cosk, coskk, and coshk for comparison (coskk and coshk have the same scalar components)

cos¢ 0 O cosh@ 0 0 cosh@ 0 0
coskfd=| 0 cos@ O coskké = 0 coshé 0 coshk@ = 0 coshd 0
0 0 1 0 0 1 0 0 1

sink, sinkk, and sinhk for comparison (sinkk and sinhk are the same in terms of scalar components and it is the coupling with
kxKx or i x jx+ Jxix which provide the requisite difference between sign and axis osculating hyperbolics)

sin6 0 O sinh@ 0 0 sinh@ 0 0
sinkd=| 0 sing O sinkkd =| 0 sinh@ 0 sinhk@=| 0 sinhd 0
0 0o @& 0 0 0 0 0 o

and coupled with the basis operator (K x , kxkx ,and i x jx+ jxix respectively)

sind 0 0Y0O -1 0 0 -sing O
sinkdkx=| 0 sin@ 0|1 0 O|=|sing 0 0| noting the change from the diagonal to anti-diagonal and one
0 0 #)0 0 O 0 0 0
sign change (sign and axis osculate)

sinhd 0 0y-1 0 O —sinhé 0 0

sinkk@kxkx=| 0 sinhg 0| 0 -1 0|= 0 —sinh@ 0| noting the change of sign on the diagonal (sign
0 0 oN0 0 O 0 0 0
osculate)
sinh@ 0 0yo 1 0 0 sinhé O
sinhk@(i x jx+ jxix)=| 0 sinh@ 0|1 0 O|=[sinh@ 0 0| noting the change from the diagonal (axis
0 0 &)N0 0 O 0 0 0
osculate)

Sign vs axis osculation is the best way | have at the moment to make sense of the results, in the context of the various (complex)
roots of the identity I (ignoring for arguments sake, and for the time being, the difference between the singular and full rank
roots/complex numbers/rotation operators).

Periodic properties of coskk and sinkk (and tankk)

Firstly, angle reversal for the basis circular functions are the same as the scalar functions cosh(-6) =cosh@, sinh(—€) = —sinh @,
and tanh(-@) =—tanh@. Asis seenin the proofs, this holds independently of the rotation axis as well as basis operator since these

functions are a splitting of the relevant basis exponentials into odd and even components which then define the function properties
with arguments of positive and negative signs. These relations for coskk, sinkk, and tankk are
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coskk(—0) =coskkd
sinkk(=0) K x k x= —sinkkak x K x nb:also sinkk(—6)=—sinkkd
tankk (—0) K x K x=—tankk @K x k x nb:also tankk (—0)=—tankk&

that is, corresponding to the hyperbolic scalars cosh(6) =coshé , sinh(—6) = —sinh 8, and tanh(-0) = —tanh@

k-hat rotation axis j-hat rotation axis i-hat rotation axis

coskk(—8) = coskkd cosjj(—6) =cosjjo cosii(—0) = cosii®

sinkk(-0) k x k x=—sinkkgk x K x sinjj(=0) j x j x=—sinjjo j x j sinii(—)1 x1 x=—sinii@i xi x
tankk (—0) k x K x=—tankk @k x K x tanjj(=6) j x j x=—tanjjé j x j x tanii(—6)i xi x=—taniigi xi x

The proofs in vector algebra and in diadically expanded matrix bases:

COSkk(—@) _ %(e(fa)kxkx + e—(*@) Kk x ] _ %(eflﬂzxkx +e912><|2>< j _ %(eellegx +efﬁlz><|2>< ) — coskko
cosh(-6) 0 0 coshé 0 0
coskk(-60) = 0 cosh(-9) 0|=| O coshd 0 |=coskkd
0 0 1 0 0 1

Slnkk(—@) |2 « |2><: _%(e(—@ kxkx _e—(—9) kxkx ) _ _E(G—GIZXIQX _e49|2><I2>< ) _ l(eﬁlzxﬁx _e—lexIZx j _ —Sinkk@k\ « IZ «

2 2
—sinh(-6) 0 0) (sihheé 0 0 ~sinhd 0 0
sinkk(—0) K xk x= 0 —sinh(-0) 0|=| 0 sinh@ O0|=—| 0  —sinh@ 0 |=-sinkkdkxkx
0 0 0 0 0 0 0 0 0

tankk (—0) k x= (coskk(—6) ) sinkk(—8) k x k x= (coskk8) “sinkkgk x k x=tankk &K x k x

—tanh(-6) 0 0 tanh@d 0 0 —tanho 0 0
tankk (—0) K x= 0 —tanh(-6) O|=| 0 tanh® 0|=—- O  —tanh@ O |=—tankkOkxkx
0 0 0 0 0 0 0 0 o0

The scalar properties of cosh@+ 27zni)=cosh@, sinh(€ +2zni) =sinh&, and tanh(@+ 27ni) =tanhe are similar to those for

cosk, sink, and tank and also hold for each coordinate axis. The difference being the i =K x in the argument to return the double
cross hyperbolic to the circular functions at the integers of 2zbeing jx and i x rather thank x . For n =0,£1,+2,+3,... these are

coskk(6 + 2znkx) = coskkd
SinkK(@+ 277nkx) K x K = sinkk@k <K x
tankk (6 + 272nkx) K x k x= tankk @k x K x

and, further, tabulating for each of the three principal axes

k-hat rotation axis j-hat rotation axis i-hat rotation axis

coskk(6 + 2znkx) = coskkd cosjj(6+ 22njx) = cosjjé cosii(f + 27ni x) = cosiio

sinkk(6+ 27nkx) k xKk x=sinkk@k xkx  sinjj(@+2znjx) ] x | x=sinjjé jx jx Sinii(@+27nix) 1 x1 x=siniiof x1 x
tankk (6 + 27nkx) K xk x=tankk @k xk x  tanjj(@+2znjx) jx j x=tanjjé j x j x tanii(@+ 2zni x)i xi x=taniidi xi x

Proof for the relation coskk(@+2;ml2x) = coskké for coskk
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" 1 C K xk — AX AXAX 1 AXAX - AX — AXAX AX l AXAX — AXAX
Coskk(0+2ﬂnkx):E(e(€+2nnkx)kxkx + e (O+2mmkkxk jzi(egk kx g—2amkx | o =0Kkx g2k jzz(eek kx| g=0Kkxk )
= coskkd
- . - X
since @20 = g2k _ oyl (—277n) = e 20T = @27 _ eyl (—2771) = | orin other words

cos(2zn) Fsin(2zn) 0 100
em(i2;znl2x):expl<(127rn): +sin(2zn) cos@zn) 0|=|0 1 O|=I
0 0 1 0 01

as diadically expanded matrix operators

cosh(@+ Zﬂnl&) 0 0 coshé 0 0
coskk(@ + 2znkx) = 0 cosh@+2znkx) 0|=| 0  cosh@ 0 |=coskkd
0 0 1 0 0 1

Proof for the relation sinkk(6’+27rnI2x)I2xIZx:sinkk&IZxIZx for sinkk

D

: CAL ol 1 kx) kxkx — kx) kxkx 1 kxkx . — kx —Okxkx kx 1 R —Okxkx
smkk(9+27mk><)k><k><=—5( (O+2mmk)kockx __ o—(0+27nko0) Kk JZ_E(egk kx g-2ankx _ o —Okokx g2k )2_5( Okkx _ =0k )

=sinkkOk x K x

as diadically expanded matrix operators

—sinh(6 + 27znkx) 0 0] (-sinhe 0 0O
sinkK(6 + 27nkx) K x K x= 0 —sinh(@+2znkx) 0|=| 0  —sinh@ O |=sinkkok x
0 0 0 0 0 0

Proof similarly for tankk(9+27mI2><)I2><I2><=tankkHIZxIZX

—tanh(@ + 2znkx) 0 0) (-tamh@ 0 0
tankk (8 + 27nkx) K x k x= 0 —tanh(@+27znkx) O|=| 0  —tanh@ O |=tankk&kxKkx
0 0 0 0 0 o0

Proofs are similarity invariants for the hyperbolic periodicities for the other two principal axes (as well as the rotated polar
cylindrical and spherical coordinate systems).

The hyperbolic relations for scalar hyperbolic sines, hyperbolic cosines, and hyperbolic tangents (sinh, cosh, and tanh) are

(A) Hyperbolic Euler form coshé +sinh@ = e’

(B) Hyperbolic Conjugate Euler form cosh@ —sinhg = e~

(1) Basic hyperbolic relation for sinh and cosh cosh? —sinh? @ =1

(2) Basic hyperbolic relation for tanh and sech 1—tanh? @ =sech? @

(3) Compound angle formula for sinh sinh(a + B) =sinhacoshg +coshasinh S
(4) Compound angle formula for cosh cosh@ + ) =coshacoshg +sinhasinh 8
(5) Compound angle formula for tanh tanh(e + ) = (tanh & + tanh g )1+ tanh tanh )
(6) Double angle formula for sinh sinh(a) = 2sinhacosha

(7) Double angle formula for cosh cosh@e) =costf a +sinh? o

(8) Double angle formula for tanh tanh(2a) = 2tanha(1+ tanh? aTl

(9) Products of sinh 2sinhasinh g =cosh + f) —coshi — f)
(10) Products of cosh 2coshacoshp =coshi + ) +coshix + 5)
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(11) Products of sinh and cosh

Hyperbolic Relations of k xk x and i x jx+ jx1i x

2sinhacoshg =sinh(x + ) +sinh(ax — S)

The relations for xy plane (kAx rotation axis) basis hyperbolic sinh, cosh, and tanh (sinkk, coskk, and tankk) are

(A) Hyperbolic Euler form for ciskk =expkk

(B) Hyperbolic conjugate Euler form

(1) Basic hyperbolic relation for sinkk and coskk
(2) Basic hyperbolic relation for tankk and seckk
(3) Compound angle formula for sinkk

(4) Compound angle formula for coskk

(5) Compound angle formula for tankk

(6) Double angle formula for sinkk
(7) Double angle formula for coskk

(8) Double angle formula for tankk

(9) Products of sinkk
(10) Products of coskk

(11) Products of sinkk and coskk

coskké —sinkk@k x k x= expkk &

coskk@ +sinkkgk x k x= expkk (—6)

coskk?6 — (sinkkdk x k x)? =1

1— (tankk @k x k x)? =seckk?®@

sinkk(a + B)K xk x = coskka sinkkB Kk xk x +coskkBsinkka k x K x

coskk(a + B) = coskka coskkB + (sinkka k x k x)(sinkkB K x k x)
tankk o k x k x+ tankk K x K x

1+ (tankka k x k x)(tankk Bk x k x)

sinkk(2a) k x k x= 2coskka sinkka k xk x

coskk(2a) = coskk?ar + (sinkka k x K x)?

tank K2a) Kk x k x= (2tank|~’oz|2><IQ><)(1+(tankl@cI2><I2><)2)7l

2(sinkka k x K x)(sinkkBK x k x) = coskk(e + 8) —coskk(a — 3)

2cosk kxcosk kB =cosk i« + ) + cosk e — )

2(sinkka k x k x)coskkp = sinkk(a + B)k x k x+ sinkk(a — B)K xk x

tankk (o + B)K xk x=

Noting for reference that, for sinkk I have again coupled it with the double cross kxkx (similarly as coupling sink with kx)

sinh@ 0 0 sinh@ 0 o0Y-1 0 O —sinhé@ 0 0
sinkkd=| 0 sinh@ 0 sinkkfk xkx=| 0 sinh@ 0| 0 -1 0l=| O —sinh® 0
0 0 6 0 0 6J0 0 0 0 0 0

2024-2025

In complex number notation, this is essentially stating sinh& as —i%sinh @ where i =k xkx . Coupling the odd components

with the basis operator became apparent was the best and necessary way to do things after power series expansion and the utility
of the Euler forms of basis exponentials (which always couple the sine with i in cis).

Diadically expanded into matrix bases:

(A) Hyperbolic Euler form ciskk =expkk

cosh@ +sinhé = e’ coskk@ — sinkkok x k x= expkk &

cosh 0 0) (-sinho 0 0y (e 0 O
0 coshg O|-| O —sinhg 0|=|0 €’ 0o
0 0 1 0 0 0 0 0 1

(B) Hyperbolic conjugate Euler form

cosh® —sinhg =e~? coskk@ + sinkkoK x K x= expkk (—0)
cosh 0 0) (-sinho 0 0y (e? 0 o0
0 coshd O|+| O —sinhg 0|=| 0 e? 0O
0 0 1 0 0 0 0 0 1
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(1) Basic hyperbolic relation for sinkk and coskk

cosh? 6 —sinh? 9 =1 coskk?6 — (sinkkak xk x)? =1
coshg 0 0) (-sinhe 0 0) (1 0 0
0 coshd 0| - 0 -sinh@ 0| ={0 1 O
0 0 1 0 0 0 0 0 1

(2) Basic hyperbolic relation for tankk and seckk

1—tanh? @ =sech? @ 1— (tankk @k x k x)? = seckk?6
10 0) (~tanhe 0  0) (seche 0 0
01 0}- 0 —tanhé 0| = 0 sechd 0
001 0 0 0 0 0 1

(3) Compound angle formula for sinkk

sinh(a + B) =sinhacoshB+coshasinh 8 sinkk(a + B)k xk x = coskka sinkkBK x k x + coskkgsinkka k x k x

—sinh(x + f) 0 0 cosha 0 0) —sinh g 0 0 coshg 0 0) —sinha 0 0
0 —sinh(@+p) 0|=| O cosha 0 0 —sinhg O0|+| O coshg 0 0 —sinha 0
0 0 0 0 0 1 0 0 0 0 0 1 0 0 0

(4) Compound angle formula for coskk

coshi + ) = coshacoshp +sinhasinh 8 coskk(a + ) = coskkacoskkp + (sinkkaIZX IZx)(sinkIgBIZ K x)

0 —sinha 0 0) —sinh g 0 0

cosh@ + f) 0 0 cosha 0 0) coshp 0
0 cosh@+p) 0|=| O cosha 0 0 coshg 0|+ 0 —sinha 0 0 —sinhg 0
0 0 1 0 0 1 0 0 1 0 0 0 0 0 0
(5) Compound angle formula for tankk
tanhe + tanh AN ¢ >k ¢ >k
tanh(e + g) = 2na +tanh g tankk (@ + B)K x k x= —nkkakodoa tankk gk <k x
1+tanhatanh g 1+ (tankkar k x k x)(tankk Bk x k x)
—tanh(ax + ) 0 0 —tanha —tanh g 0 0\ 1+ tanhatanh g 0 0"
0 —tanh(@+ ) 0= 0 —tanha—tanhg 0 0 1+tanhatanh g 0O
0 0 0 0 0 0 0 0 1

(6) Double angle formula for sinkk

sinh(2a) = 2sinhazcoshe sinkk(2a) K x k x= 2coskkasinkka K x K x
—sinh2«a 0 0 cosha 0 0\ —sinha 0 0

0 —sinh2a 0|=2| O cosha 0 0 —sinha 0

0 0 0 0 0 1 0 0 0
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(7) Double angle formula for coskk
coshQa) =cost?  +sinh? & coskk(2a) = coskk?a + (sinkka k x k x)2

cosh2a 0 0 cosha 0 0\ (—sinha 0 0
0 cosh2ar 0= 0 coshaa 0| + 0 —sinha 0

0 0 1 0 0 1 0 0 0

(8) Double angle formula for tankk

tanha) = 2tanha(1+ tanh? aTl tank K(2a) k x k x= (2tank|~’a|2><|2><)(1+ (tankl/al?xIZx)ZTl
—tanh2«a 0 0 —tanha 0 0Y 1+ tanh? & 0 0)
0 —tanh2ec 0|=2| O —tanha 0 0 1+tanh’a 0
0 0 0 0 0 0 0 0 1

(9) Products of sink

2sinhasinh 8 =cosh + ) —cosh — ) 2(sinkkar k x K x)(sinkkBk x k x) = coskk(a + ) —coskk(c — )
—sinha 0 0) —sinh g 0 0 cosh(x + f) 0 0 cosh(x — f) 0 0

2 0 —sinha 0 0 —sinhg 0= 0 coshi@+p) 0|- 0 coshi@-p) 0
0 0 0 0 0 0 0 0 1 0 0 1

(10) Products of coskk

2coshacoshp =coshi + S) +cosh + £) 2cosk kxcosk kB =cosk K« + ) + cosk e — 3)
cosha 0 0\ coshp 0 0 cosh(a + B) 0 0 cosh(a — ) 0 0
2l 0 cosha 0 0 coshg 0= 0 coshi@+ ) 0|+ 0 cosh@-p) 0
0 0 1 0 0 1 0 0 1 0 0 1

(11) Products of sinkk and coskk

2sinhacoshp =sinh(a + B) +sinh(a: — ) 2(sinkkak x k x)coskkB = sinkk(a + )k x k x+ sinkk(a — B)k x k x
—sinha 0 0) coshp 0 0 —sinh(a + f) 0 0 —sinh(a - B) 0 0
2 0 —sinha 0 0 coshp 0|= 0 —sinh(e+p) 0|+ 0 —sinh(e-p) 0
0 0 0 0 0 1 0 0 0 0 0 0

Over the next few pages are the proofs for firstly

(1) coskk?@— (sinkkdk xk x)? =1 and then
(2) 1—(tankk Ok x K x)? = seckk?@ and then
(3) sinkk(a + B)k xk x = coskka sinkkBk x k x +coskkasinkka k x k x and finally

(4) coskk(a + ) = coskka coskkB + (sinkka k x k x)(sinkkg K x k x)

from which each of the other relations can be obtained: half angle formulae by putting g =« , and adding and subtracting the
compound angle formulae for products.
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(1) Proof of coskk?@ — (sinkk&k x k x)? =1, the basic circular relation for sinkk and coskk

coskké = %(expkk(e) +expkk (—6))

_ % (eek‘xk“x N e—@l(xlzxj

+

OKxkx
coskk?6 — (sinkk@k x k x)?2 :(

20kxKkx

e +2+e

—20kxkx

e

sinkkoK x K x= —%(expkk(@) —expkk (-6))

_%(eﬁﬁxﬁx _e—9|2><|2>< j

e e—lexlzx 2 eﬁlgxkAx _e79|2><|2>< 2
2 2

20kxKkx

_ 2 + e—2€k><k><

4

4

(e2r9k><k>< _e26’k><k><J+(2+2)+(e—29kxkx _872Hk><k><\J

=1

4

This relation holds for any basis function (here kxkx and also i x jx+ jxfx ) since it is a property of the separation of the odd
and even components of the basis exponential of that basis function and any basis function commutes with itself and its conjugate

(and scalars).

Similarly as for the circular relation in the quartic root of the k-hat axis, kx| change the base of the hyperbolic relation in the

double cross K xkx to j-hat and i-hat just to show that it all works out. Similarly as for k x , all of these for k xk x and change

of base to jx jxand ixi x also work similarly for r-hat, é-hat, and ghat in polar (rotated) systems (and so also for fxFfx ,

Ox0x ,and gxgx ).

In terms of diadically expanded matrix operators with

coskkd = %(expkk(@) +expkk (=6))
cosho 0 0

=l 0 coshd 0
0 0 1
the proof is
coshd 0 0y (-sinhd 0
0 cosh@ 0| — 0 —sinh@
0 0 1 0 0

sinkkek x IZx:—%(expkk(H)—expkk(—H))

—sinh@ 0 0
0 —sinh@ 0
0 0 0

0 cosh? 6 0 0) (sinh?@ 0 0
ol =| o0 cosh’9 0|-| O sinh?0 0
0 0 0 1 0 0 0
cosh? @ —sinh? @ 0 0
= 0 cosh?@ —sinh?6 0
0 0 1
100
=010
00 1

Note that next changes of base are the same changes of base as for the circular relation in cosk and sink. and it is also the same
change of base for the axis osculating hyperbolic relation in coshk and sinhk which I have chosen to omit.

k-hat to j-hat principal rotation axis (xy plane to zx plane): making a change of base from the k-hat principal rotation axis sign
osculating hyperbolic relation in in coskk and sink to the j-hat principal rotation axis for the congruent relation in cosjj and sinjj
by applying the full rank complex number for the quarter rotation around i-hat expi(/2)
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1=coskk?6 — (sinkk@ K xk x)? hyperbolic relation for k axis
expi (77/2)(1 )expi (-1 2) = expi (1 2) (coskkze— (sinkkok x K x)z) expi (-7/2) changeof base
expi (1 2)expi (~z12) = expi (712) (coskk?6)pxpi (7 /2) —expi (1 2)((sinkkoK x K x)2 ) expi (7 /2)
1=c0sjj20 - (sinjjé jx j x)? hyperbolic relation for jaxis
1 0 0
exactly for the circular relations, with change of base operator expi in diadically expanded matrix form expi(z/2)={0 0 -1
01 0

expi (7/2)(1 )expi (-7 /2) = expi (7/2) (coskkze— (sinkk@k x k ><)2) expi (—z/2)

2 2

1 0 O 1 0 O 1 0 O cosh@ 0 0 —sinh@ 0 0 1 0 O
00 -101/l0 0 1|=l0 0 -1|| 0 coshe 0| -=| 0 —sinhe 0| [0 0 1
01 0)Jlo -10/ o1 0 0 0 1 0 0 o0} )o -10
10 0Ycoshd 0 01 0 0) (1 0 0Y-sinhe 0 01 0 0
=0 0 -1] 0 coshe 0|0 0 1|-|0 0 -1|] 0 —sinhe 0||0 0 1
01 0 o o 1Jlo0 =10/ lo1 o0 0 0o o)Jlo -1 0
cosh 0 0 Y (=sinhg 0 0
-l o 1 o |- 0o o0 o0
0 0 coshé 0 0 -sinh@

= c0sjj%0 — (sinjj @ | x | x)?

which is the sign osculating hyperbolic relation for the zx plane, cosjj?6—(sinjjé jx jx)? =1, after the change of base fromthe
k-hat rotation axis to that of the j-hat rotation axis.

k-hat to i-hat principal rotation axis (xy plane to yz plane): making a change of base from the k-hat principal rotation axis axis
sign osculating hyperbolic relation in in coskk and sink to the i-hat principal rotation axis for the congruent relation in cosii and

sinii by applying the full rank complex number for the antisense (transpose) quarter rotation around j-hat expj(-w/2)

1=coskk?d — (sinkkek xk x)? hyperbolic relation for k axis
expj (-7 /2)(1)expj (71 2) = expj (—7 /1 2) (coskkze—(sinkkHIZx IZx)Z) expj (7/2) changeof base
expi (7 2)exp (12) = expi (~12) (coskk20)ppi (7/2) —expi (1 2){(sinkkoK x K x)? ) expi (z/2)
1=cosii’g—(siniigi xi x)* hyperbolic relation for jaxis
0 0 -1
and with change of base operator expj in diadically expanded matrix form expj(-z/2)=|0 1 0
1 0 O

expj (—/2)(1 )expj (1 2) = expj (~7/2) (coskk29 — (sinkkok x k ><)2) expj (7/2)

00 -1Y(0 0 1) (0 0 -1\(coshe 0 0 (-sinhe 0 0V)0o 0 1
01 ollfo 1 0l=l01 o0 0 coshd 0| | 0 —sinhe 0] [0 1 0
10 0/l-100/ |10 0 0 0 1 0 0 0} |-100

10
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2 2

0 0 -1)coshd 0 0y(0 0 1 0 0 -1)-sinhg 0 00 0 1
I={0 1 O 0 coshd 0 0 1 0/|-{0 1 O 0 —sinhg 0 0 10
10 0 0 0 1){(-1 0 0 10 0 0 0 0)l-1 00
1 0 o Y (0 o0 o Y
=|0 coshé 0 -0 -sinh@ 0
0 0 coshé 0 0 —sinh@

= c0sii%0 — (sinii@f xi x)?

which is the basic sign osculating double cross hyperbolic relation for the yz plane, cosii29—(siniitS’iAxiAx)2 =1, after the change
of base from the k-hat rotation axis (with xy plane orthogonal complement) to that of the i-hat rotation axis (with yz plane

orthogonal complement).

To show that the double cross hyperbolic relation coskkze—(sinkkHIZxIZx)2 =1 the xy-plane holds good similarly as the
circular relation after the change of base to the j-hat and i-hat axes, here are the proofs for cosjj20— (sinjjé jx jx)? =1 for the
2x-plane and cosii?@ — (sinii@i xi x)? =1 for the yz-plane to show that these relations are equal to changing base to these

principal axes from coskk?6— (sinkk@k x k x)? =1:

Proof of cosjj’6 — (sinjjé j x j x)? =1, the double cross hyperbolic relation for sinjj and cosjj

. 1 . . s 1 . .
cosjj 6= - (expii (6) +expii (-0)) sinij 0 jx jx=—(expii (¢) ~expii (-0))
:l(egjxjx +e—9j><i><) :_l(etgixjx _e—ejxjx)
2
a2 A2 \2 s a s e \2
A 0 Jx x -0 Jx Jx O )xjx _ =0 )Jx]x

cosjj’0 - (sinjjo j x ] x)? =(e +Ze J _[_e Ze J
B egixix +e—91><j>< . e@jxjx _e—Hjxix e6’j><i>< +e—91xi>< ~ eHixix _e—Hixix
- 2 2 2 2
:eeixix eﬂ?ixix
=1

which is complex algebra in i? = (jx)? for the zx plane (rather than xy plane for i? = (kx)?) since it is for a single rotation axis so
that jx commutes with itself and its conjugate (and other scalars) on this plane and is the same as that from a change of base

from kx to jx . The diadically expanded matrix basis operators for the j-hat double cross hyperbolic cosine and sine are

- 1 - - - - 2 3 l -a -
cosjj 0 = (expii (0) +expii (-0) sinjj 6 jx jx= —E(expu (6) —expii (-6))
coshé 0 0 —sinh@ 0 0
0 0 cosho 0 0 -sinh@

so the proof in terms of the diadically expanded matrix base upon substituting into cosjj?6—(sinjjé jx jx)? is

c0sjj’0 — (sinjjé j x j x)?

coshd 0 0 )\ (=sinhe 0 0

cosh?0 0 0 sinh?6 0 0 100
=l 0 1 o0 ) 0 0 =l 0 1 0 |-|] o 0o o0 |=l0o10
0 0 cosho 0 0 -sinh@ 0 0 cosh’6 0 0 sinh?0| (0 0 1

11
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For the i-hat principal axis and proof of cosiiZH—(siniié?iAxiAx)2 =1, the basic double cross hyperbolic relations for sinii and
cosii are

cosii 0=%(expii(9)+expii(—€)) sinii 6 fxfx:—%(expii(@)—expii(—9))
_ l(eefxfx +e70iA><iA>< ) — _l(eHiAxfx _e—fofx )
2 2
SO
. a ~on 2 ~ IS 2
9ixix —0ixix Bixix _ —0ixix
cosiiZf— (siniigixix)2=| S *¢ | |_ & _“¢
2 2
. e@fxfx +e79iA><iA>< . erXfX _efgiAxiAx eﬁfxfx +e79iA><iA>< _egfxfx _efgiAXiAx
- 2 2 2 2
— eﬁfxfxe—ﬁfxfx
=1

which is complex algebra in i? = (ix)? for the yz plane (rather than xy plane for i? = (kx)* or the zx plane for i’ = (jx)? ) since it is
for a basis operator so that i xi x commutes with itself and its conjugate (and other scalars)

cosii e:%(expii(enexpii (-6)) sinii @ fxfx:—%(expii(e)—expii (-6))
1 0 0 0 0 0
=/ 0 coshd 0 =|0 -sinh@ 0
0 0 coshé 0 0 —sinhé

cosii@ — (sinii@i xi x)?
2 2

1 0 0 0 0 0 1 0 0 0 0 0 100
=|0 cosh® 0O -0 =sinhe@ 0 =|0 cosh?@ 0 |-|0 —sinh?@ 0 =0 1 0
0 0 cosho 0 0 —sinh@ 0 0 cosh?6/ |0 0 —sinh?0) 0 0 1

=1
so it all works as it should.

(2) Similarly as the circular relation in tank, 1—(tank @k x)? =seck?@, the double cross (as well as the axis osculating)
hyperbolic relation for tank, 1—(tankk6’|2xl2><)2 =seckk?d, is obtained by multiplying both sides of
coskk?0 — (sinkk@k xk x)? =1 by seckk?@

seckkze(coskkze— (sinkk@k < k ><)2): seckk?d
1- (tankk @k xk x)? =seckk?d

where secki@coskiéd=1 and seckk?d(sinkkdk x k x)? = (tankk Ok x k x)?

1 0 0) (coshe 0 0y (-sinhe 0 0 (cosh’9 0 0) (sinh20 0 0
thatis,from [0 1 0|=| O cosh® 0| -| O —sinh@ 0| =| 0 cosh’9 0|-| O sinh?9 0
001 0 0 1 0 0 o 0 0 1 0 0 0

cosh 0 0?2 (cosh?6 0 0) (sech?o 0 0
multiplying both sides by coskk?6=| 0 coshe 0| =| 0 cosh?6 0|=| 0  sech’d 0]|=seckk?d
0 0 1 0 0 1 0 0 1

12
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the coskk?@ — (sinkk@k x k x)? =1 relation converts to 1— (tankk @k xk x)? =seckk?@ by multiplication through by seck?
coshd 0 0?2 (coshe 0 0V (coshe 0 0y (-sinhd 0 0

0 coshd 0 = 0 coshd 0 0 cosh@ 0| — 0 —sinh@ 0

0 0 1 0 0 1 0 0 1 0 0 0
sech? 0 0| (sech’@ 0 0 cosh? 6 0 0) [sech?@ 0 0 sinh?@ 0 0

0 sech’d 0|=| O sech’0 0 0 cosh’9 0|-| 0O sech’6 0 0 sinh?6 0

0 0 1 0 0 1 0 0 1 0 0 1 0 0 0
sech’ 9 0 0) (1 0 0) (tanh?@ 0 0

0 sech’9 0|=|/0 1 0|-| O tanh?6 0

0 0 1] (0 0 1 0 0 0

seckk?@ =1— (tankk 6k x k x)?

which is the required relation.

(3) Proof of sinkk(a + )k x k x = coskkasinkkgk x k x +coskkBsinkka k xk x , the compound argument formula for sinh

—akxkx eﬂkxkx _e—ﬂkxkx
2

eﬂlixl?x +efﬁI€xI2x eallezx _efaIExIZx
2

+e
2

{

akxkx
coskka sinkkBk x k x + coskkpB sinkka k x kx:(e

2024-2025

0

2
1 A A A A A A _ A A -~ A A A A _ A A _ A A
:Z(eakxkxeﬂkxkx _eakxkxe Bkxkx e akxkxeﬂkxkx _e akxkxe ﬁkxkxj
1 A A A A A A _ A A _ A A A A _ A A _ A A
+Z(eﬂkxkxeakxkx _e/i’kxkxe o kxkx +e ﬂkxkxeakxkx —e ﬂkxkxe akxkxj

1

4
1

4
=sinkk(a + B)k xk x

where e*¥*%< and e#%%* and their conjugates commute since they are basis exponentials for the same basis foci and

(ealszZx e/)’kAxIEx _ efa kxkx e—/}‘llezx J

( (a+ B kxkx _e*(aJrﬂ)llezxj

operator kxKx. In diad ically expanded matrix operators

coskkasinkkBk x k x + coskkBsinkka K x k x

cosha 0 0) —sinhp 0 0 coshpg 0 0\ -sinha 0 0
=| 0 cosha 0 0 —sinhg 0|+| O coshg 0 0 —sinha 0
0 0 1 0 0 0 0 0 1 0 0 0
—coshasinh g 0 0 —coshgsinha 0 0
= 0 —coshasinhg 0|+ 0 —coshfgsinha 0
0 0 0 0 0 0
—sinh(x + ) 0 0
= 0 —sinh(@+p4) 0
0 0 0

= sinkk(a + B)K xK x

Changing base to the other principal rotation axes:

basis

k-hat to j-hat principal rotation axis (xy plane to zx plane): changing base to the j-hat rotation axes with expi(/2) and expi(—w/2)

13
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sinkk(a + B)k x k x= coskka sinkkB k x k x+ coskkBsinkka k x k x compound angle formula for sinkk
expi (ﬂ/Z)(sinkk(aJr Bk xkx )expi (—712) =expi (7z/2)(coskkasinkl<ﬂI2 x K x-+coskkBsinkka k xk x)expi (-7 /2) changeof base
sinji(a + B) | x | x=expi (7r/2)(coskkasinklgBI2xI2x>expi (-712)
+expi (71 2) coskkpsinkke K x K x bxpi (~/2)
=expi (7 /2)(coskker expi (—7z / 2)expi (n/2)(sinkk8 K x k x )expi (-z12)
+expi (771 2)(coskkp Jexpi (—7 / 2)expi (7z/2)(5inkka k xk x)expi (-z12)
sinjj(a+ fB) J x | x=cosjjasinjjf | x j x+cosjjgsinjja | x | x compound angle formula for sinjj

In matrix operators

expi (1 2)(sinkk(a + )k x K x Jpxpi (~7/2) = expi (1 2){coskkar sinkkgK x K x+ coskkgisinkka k x K x pxpi (~7/2)

1 0 0 ) -sinh(e+p) 0 01 0 O 1 0 0 )cosha 0 0) —sinhg 0 01 0 O
0 0 -1 0 —sinh(e+p4) 00 0 1|=/0 0 -1 0 cosha 0 0 —sinhg 0|0 0 1
01 0 0 0 oOp0 -1 0 01 0 0 0 1 0 0 op0 -1 0
1 0 0 )coshpg 0 0) —sinha 0 0Oy1 0 O
+/0 0 1} 0 coshg 0 0 —sinhae 0|0 0O 1
01 0 0 0 1 0 0 op0 -1 0
—sinh(@+p) 0 0 1 0 0 ) cosha 0 01 0 0Y1 0 O )-sinhp 0 0y1 0 O
0 0 0 =0 0 -1 0 coshae 0|0 O 10 0 -1 0 —-sinhp 0|0 0 1
0 0 -sinh(a+ ) 01 0 0 0 10 -1 0/0 1 O 0 0 0ON0 -1 0
1 0 0 )coshg 0 01 0 0)1 0 O )-sinhea 0 0y1 0O
+/0 0 -1 0 coshg 0|0 O 1|0 O -1 0 —sinha 0 0 1
01 0 0 0 100 -1 0/0 1 O 0 0 0Op0 -1 0
—sinh(¢+p5) 0 0 cosha 0O 0 —-sinhpg 0 0 coshg 0 0 —sinha 0 0
0 0 0 = 0 1 0 0 0 0 + 0 1 0 0 0 0
0 0 —sinh(a + p) 0 0 cosha 0 0 -sinhpg 0 0 coshpg 0 0 -sinha

sinjj(a + B) j x | x=cosjjasinjj j x j x+cosjjBsinjja j x jx

which is the required relation for the sinh compound argument formula for the j-hat rotation axis (for sinjj) base changed fromthe
k-hat rotation axis (for sinkk).

k-hat to i-hat principal rotation axis (xy plane to yz plane): changing base to the i-hat principal rotation axes with expj(-/2) and
expj(w'2)
sinkk(a + B)k x k x= coskka sinkkBk x k x-+ coskkBsinkka k x k compound angle formula for sinkk
expj (-7 / 2)(sinkk(a + B)K xk x )axpj (712) = expj (—7:/2)(coskkasinkkﬂ|2 x K x+coskkBsinkka k xk x)sxpj (z/2) changeof base
sinii(c + B)1 x1 x=expj (—n/z)(coskkasinkkﬂléxlzx)expj (712)
+expj (—7z/2)(coskkﬂsinkka K x K x}xpj (7/2)
= expj (—/ 2)(coskke Jexpj (7 / 2)expj (—7r/2)(sinkkﬁ K x Kk x )expj (712)
+expj (-7 / 2)(coskkp3 Jexpj (z / 2)expi (—7r/2)(sinkka K x le)expj (z12)
sinii(a + B)1 x1 x=cosiiasiniifi xi x+cosiigsiniia1 xi x compound angle formula for sinii

In matrix operators

14
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expi (~1/ 2)lsinkk(a + A)K x K x bxpi (z /2)—expj(—;r/2)(coskkasmkkﬂkxkx+coskkﬁsmk K x K x pxpi (7/2)
0 0 -1\ -sinh(a+p) 0 0yo 0 1 cosha 0 0) —sinh g 0 01
01 0 0 —sinh(e+p) 0 0 1 0|=| O cosha 0 0 —-sinhg 0 0 1 O
1 0 0 0 0 oOp-1 0 O 0 0 1 0 0 -1 00
0 0 -1)\coshg 0 0) -sinha 0 01
+/0 1 O 0 coshp 0 0 —sinha 0 10
1 0 0 0 1 0 Or-1 0 O
0 0 0 0 0 -1)cosha 0 0YO0O 0 1Yo 0 -1 —smhﬁ 0 0yo 01
0 -—sinh(a+ p) 0 =01 O 0 coshe 0 0 1 0|0 1 —-sinhg 0| 0 1 O
0 0 —sinh(a + f) 10 0 0 0 1\-1 0 Of1 O 0 ON-1 0 O
0 0 -1)coshp 0 0 0 1Y0 0 -1)-sinha 0 0Yyo 0 1
+/0 1 0 0 coshg 0 1 00 1 O 0 —sinhe 0| 0 1 O
1 0 0 0 0 1\-1 0 Of1 O O 0 0 Of-1 0 O
0 0 0 1 0 0 0 1 0 0 0 0 0
0 -—sinh(a+ f) 0 =|0 cosha 0 0 —smhﬁ } 0 coshpg 0 0 -sinha 0
0 0 —sinh(a + B) 0 0 cosha )\ O —sinh g 0 0 coshg |\ 0 0 —sinha

sinii(a + B)i x 1 x= cosiiasiniiBi x i x+ cosiigsiniial x 1 x

which is the required relation for the sinh compound argument formula for the i-hat rotation axis (for sinii) base changed fromthe
k-hat rotation axis (from sinkk).

(4) Proof of coskk(a + ) =coskka coskkgs + (sinkkalixl?x)(sinklgﬁlix I2><) , the compound angle formula for cosine
coskka coskkp + (sinkka K x k x)(sinkkB K x k x) = %(e“‘zx'& gk )%(eﬁ'&'& 1 g ARk J
+1(ea|2><|2>< _e—aIZXIZx jl(eﬂl&l& _e—ﬂIZXIZX )
2 2
— %(eakxkx eﬂIQXkAx + eal?xkAx efﬁ'lzxﬁx + efallezx e/illezx + efallezx efﬂlzxkx J
L1 (eak‘xk‘x ok _ qarknkox gk _ arkkx g Bk o —arkxk e—ﬂl&l&)

— %(eakAxIZx e/)’lzxkAx + e—a kxkx e—ﬁlgxlzx j

_ l(e(aw) ok o=+ xkx J
2
=coskk(a + f)

In diadically expanded matrix operators

15
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cosha 0 0) coshp 0 0
coskka coskkp + (sinkka k x K x)(sinkkBkxkx)=| 0  cosha O| 0  coshB 0

0 0 1 0 0 1
—sinha 0 0) —sinh g 0 0
+ 0 —sinha 0 0 —sinhg 0
0 0 0 0 0 0
coshacoshp 0 0 sinhasinh g 0 0
= 0 coshacoshpg 0 |+ 0 sinhasinhg 0
0 0 1 0 0 0
cosh(a + ) 0 0
= 0 coshi@+p5) 0
0 0 1
=coskk(a + )

which is the same as the result for coskk from vector algebra and so all works as it should.

Changing base to the other principal rotation axes:

k-hat to j-hat principal rotation axis (xy plane to zx plane): changing base to the j-hat rotation axes with expi(/2) and expi(-w/2)

coskk(a + B) = coskka coskkp + (sinkka k x k x)(sinkkB K x k x) compound angle formula for coskk
expi (771 2)(coskk(a + ) Jexpi (-1 2) = expi (7r/2)(coskkacoskkﬂ+ (sinkka k x k x)(sinkkB K x k x))expi (-z/2) changeof base
cosjj(a + B) = expi (71 2)(coskker coskkp Jexpi (—7 / 2)

+expi (7r/2)((sinkka|2>< ﬁx)(sinkwléxkx))expi (~712)

=expi (/1 2)(coskkerexpi (— 1 2)expi (z / 2)coskkp lexpi (—7 1 2)
+expi (7 / 2)((sinkka k x k x )expi (7 / 2)expi (7 1 2)(sinkkB K x K x))expi (~712)

= expi (7 /2)(coskka expi (7 / 2)expi (7 / 2)coskkp expi (-7 / 2)
+expi (;z/2)((sinkka k x k x)expi (=7 / 2)expi (7 / 2)(sinkkBk x k x))expi (-z12)

=cosjjacosjjB + (sinjja jx ] x)(sinjjB jx jx) compound angle formula for cosjj

In diadically expanded matrix form,
expi (77/2)(coskk(a + B) expi (—7/2) = expi (7z/2)(coskkacoskkﬂ + (sinkka k x k x)(sinkkBk x k x))expi (~712)

1 0 0 ) coshl@+p) 0 0y1 0 O 1 0 0 )cosha 0 0)(coshpg 0 0y1 0 O
0 0 -1 0 cosh@+p4) 00 0 1(=(0 0 -1 0 cosha 0 0 coshg 0|0 0 1
01 0 0 0 100 -1 0 01 0 0 0 1 0 0 100 -1 0
0 0 ) -sinha 0 0) —sinhg 0 0y1 O

+/0 0 1[ 0 —sinha 0 0 —-sinhg 0|0 0 1

01 0 0 0 0 0 0 oj0 -1 0
coshi@+p4) 0 0 1 0 0 )cosha 0 0Y1 0 0)}1 0 O )coshp 0 0yi1 0 O
0 1 0 =0 0 -1 0 cosha 0|0 O 1 0 -1 0 coshg 0|0 0 1
0 0 coshi@+p) 01 0 0 0 100 -1 0\0 1 O 0 0 100 -1 0

1 0 0)-sinha 0 0Y1 O 01 0 O})-sinhp 0 0Y1 0 O

+0 0 -1 0 —sinhae OO0 O 1|0 0 -1 0 —sinhg 0|0 0 1

01 0 0 0 0\0 -1 00 1 O 0 0 0Op0 -1 0
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coshi@+5) 0 0 cosha 0 0 coshpg 0 0 —sinha 0 0 —sinhg 0 0
0 1 0 = 0 1 0 0 1 0 |+ 0 0 0 0 0 0
0 0 cosh(@+p) 0 0 cosha 0 0 coshpg 0 0 -sinha 0 0 —sinhpg

cosjj(a + B) = cosjjarcosjjf + (sinjjer | x ] x)(sinjjs jx jx)

which is the required relation for the cosh compound argument formula for the j-hat rotation axis (for cosjj) base changed from
the k-hat rotation axis (from coskk).

k-hat to i-hat principal rotation axis (xy plane to yz plane): changing base to the i-hat principal rotation axes with expj(-w/2) and
expj(w'2)
coskk(a + B) = coskka coskkp + (sinkka k x K x)(sinkkBk x k x) compound angle formula for coskk

expj (— /1 2)(coskk(a + 3) expi (1 2) = expj (—ﬂ/Z)(coskkacoskk,B + (sinkka k x K x)(sinkkBK x IZX))expj (z12)  changeof base
cosii(a + ) =expj (—7r/2)(coskka coskkﬂ)expj (z12)
+expj (—;z/z)((sinkkak‘x k x)(sinkkBK x |2x))expj (712)
=expj (-7 / 2)(coskka expj (77 / 2)expj (— / 2)coskkp3 lexpj (7 / 2)
+expj (—7z/2)((sinkka K x k x)expj (z / 2)expj (- / 2)(sinkkBk x k x))sxpj (712)
=expj (-7 / 2)(coskka expj (77 / 2)expj (— / 2)coskkp3 lexpj (7 / 2)
+expj (—7z/2)((sinkka k x k x)expj (7 / 2)expj (—7 1 2)(sinkkB K x K x))expj (12)
= cosiiarcosiif + (siniiar T x i x)(siniif1 x1 x) compound angle formula for cosii

In diadically expanded matrix form,

expj (— 1 2)(coskk(ax + f8) lexpi (771 2) = expj (—7r/2)(coskkacoskk,8 + (sinkka k x K x)(sinkkBk x k x))expj (712)

0 0 -1)cosh(x+p) 0 0yo o0 1 0 0 -1)cosha 0 0) coshp 0 0yo 01
01 0 0 coshe@+p5) 0 0 1 0|=(0 1 O 0 cosha 0 0 coshg 0 0 1 0O
10 O 0 0 1\-1 0 0 10 O 0 0 1 0 0 1\-1 0 0
0 0 -1\ -sinha 0 0\ —sinhp 0 0y o O
+0 1 0 0 —sinha 0 0 —-sinhg 0| 0 1
10 O 0 0 0 0 0 or-1 0
1 0 0 0 0 -1)cosha 0 0y 0O 0 1Y0 0 -1)coshp 0 0yo 01
0 cosh@+f) 0 =0 1 0 0 coshae 0| 0 1 00 1 O 0 coshg 0| 0 1 O
0 0 cosh(a + ) 10 0 0 0 1\-1 0 01 0 O 0 0 1\-1 0 0
0 0 -1)-sinha 0 0Y 0O 0 1Y0 0 -1)-sinhp 0 0yo 01
+/0 1 0 —sinhe O 0 1 00 1 O 0 —sinhg 0 0 1 O
10 0 0 Op-1 0 O)\2 0 O 0 0 O\-1 0 O
1 0 0 1 0 0 1 0 0 0 0 0 0 0 0
0 cosh@+ f) 0 =|0 cosha 0 0 coshp 0 |[+|0 -sinha 0 0 —sinhpg 0
0 0 cosh@ + f) 0 0 cosha | 0 0 coshpg 0 0 —sinha |\ 0 0 —sinh g

cosii(ar + f8) = cosiiazcosiif + (siniial x 1 x)(siniift x I x)

which is the required relation for the cosh compound argument formula for the i-hat rotation axis (for cosii) base changed fromthe
k-hat rotation axis (from coskk).

The relations for yz plane ( jx rotation axis) basis sines, cosines, and tangents (sinjj, cosjj, and tanjj) are

(A) Hyperbolic Euler form for cisjj = expjj cosjjé —sinjjé  x | x=expjjo
(B) Hyperbolic conjugate Euler form cosjjé +sinjjé j x j x=expjj(—0)
(1) Basic hyperbolic relation for sinjj and cosjj cosjj?d - (sinjjd j x jx)* =1
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(2) Basic hyperbolic relation for tanjj and secjj 1—(tanjjé j x j x)? =secjfo

(3) Compound angle formula for sinjj sinjj(a+ B) ] x=cosjjasinjif ] x | x+cosjifsinjja ] x | x
(4) Compound angle formula for cosjj cosjj(a+ B) = cosjjacosjjf + (sinjjer ] x ] x)(sinjjB ] x ] x)
(5) Compound angle formula for tanjj tanj (o + ) ] x jx= tanj JX jf+tanj{3 JX I
1+ (tanj « Jx)(tanj B J x)
(6) Double angle formula for sinjj sinjj(2a) jx | x= 2cosjjasinjja | x ] x
(7) Double angle formula for cosjj cosjj(2a) = cosjj?a + (sinjjar j x ] x)?
(8) Double angle formula for tanjj tanjj(2a) j x jx= (2tanjja jxjx X1+(tanjja Jx jx)zfl
(9) Products of sinjj 2(sinjja Jx jx)@injjB jx jx) = cosjj(a + ) —cosjj(a - B)
(10) Products of cosjj 2cosjj a cosjj S = cosjj(a + B) +cosjj(a — f)
(11) Products of sinjj and cosjj 2(sinjja ] x ] x)cosjjf =sinjjla + B) ] x ] x+sinjjla— ) ] x ]

Diadically expanded into matrix base for the j-hat principal rotation axis:

nb, sinjj is coupled with the double cross jxjx (similarly as coupling sinj with jx)

sinhd 0 0 sinh@ 0 0 -1 0 O —sinhg 0 0
sinjjé=| 0 0 0 sinjjejxjx= 0 o 0 0 0 0 |= 0 0 0
0 0 sinh@ 0 0 sinh@f 0 0 -1 0 0 -sinh@

(A) Hyperbolic Euler form for cisjj = expjj

coshd +sinh@ = e’ cosjjé —sinjjé j x ] x=expjjéd
cosh9 0 0O —sinh® 0 0 e 0 0
o 1 o0 |-| o 0 0 |=|/0 1 0
0 0 cosho 0 0 -—sinh@ 0 0 e

(B) Hyperbolic conjugate Euler form

coshd —sinhg =™ cosjjé +sinjjé j x | x=expji(—b)
cosh 0 0 —sinhg 0 0 e 0 0
0 1 0 + 0 0 0 =0 1 O
0 0 coshd 0 0 -sinh@ 0 0 e

(1) Basic circular relation for sinjj and cosjj

cosh? @—sinh? 9 =1 cosjj?0 - (sinjjd j x jx)? =1
coshg 0 0 \ (=sinh@ 0 0 Y (1 0 0
0 1 0 - 0 0 0 =0 1 0
0 0 cosh@ 0 0 -sinh@ 0 0 1
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(2) Basic circular relation for tanjj and secjj

1—tanh® @ =sech? 0 1—(tanjjé j x j x)? =secjfo
10 0) (~tanh@ 0 0 Y (sechd 0 0 )
010/l o 0 o -l 0o 1 o
0 0 1 0 0 -tanhé@ 0 0 seché@

(3) Compound angle formula for sinjj

sinh(a + B) =sinhacoshp +coshasinh 8 sinjj(a + B) ] x=cosjjasinjjf ] x | x+cosjjsinjja ] x ] x

—sinh(e+p) 0 0 cosha 0 0 —sinhg 0 0 coshg 0 0 —sinha 0 0
0 0 0 = 0 1 0 0 0 0 + 0 1 0 0 0 0
0 0 —sinh(a+ f) 0 0 cosha 0 0 -sinhg 0 0 coshp 0 0 -sinha

(4) Compound angle formula for cosjj

coshi + B) = coshacoshB+sinhasinh 8 cosjj(a + f) = cosjjecosjiB + (sinjjer ] x | x)Ginjjs ]x ] %)

coshi@+p) 0O 0 cosha 0 0 coshg 0 0 —sinha 0 0 —sinhg 0 0
0 1 0 = 0 1 0 0 1 0 [+ 0 0 0 0 0 0
0 0 cosh(x+ ) 0 0 cosha 0 0 coshp 0 0 -sinha 0 0 -sinhg

(5) Compound angle formula for tanjj

tanh(cr + ) = (tanha + tanh g1+ tanhatanh 8) ™1 tanj(a + ) j x j x= tan) alx Jf”anj'{“f 1x
1+ (tanj o | x Jx)(tanj B ] x | x)

—tanh(@+p) 0 0 —tanha —tanhp 0 0 1+tanhatanhp 0O 0 -
0 0 0 = 0 0 0 0 1 0
0 0 —tanh(ax+ ) 0 0 -—tanha-—tanhg 0 0 1+tanhatanhpg

(6) Double angle formula for sinjj

sinh(2a) = 2sinhacosha sinjj(2a) | x ] x= 2cosjjarsinjjo  x | x
—sinh2a 0 0 cosha 0 0 —sinha 0 0

0 0 0 =2/ 0 1 0 0 0 0

0 0 -sinh2a 0 0 cosha 0 0 -sinha

(7) Double angle formula for cosjj

coshQa) =cost? ¢ +sinh? & cosjj(2c) = cosjjPe + (sinjjer ] x j x)?

cosh2a 0 0 cosha 0 0 2 —sinha 0 0 2
0 1 0 = 0 1 0 + 0 0 0
0 0 cosh2a 0 0 cosha 0 0 -sinha
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(8) Double angle formula for tanjj

tanh(2a) = 2tanha(1+ tanh? aTl tanjj(2a) jx j x= (2tanjja Jx I x X1+ (tanjjo j x jx)zyl
-1
—tanh2a 0 0 —tanha 0 0 1+tanh’a 0 0
0 0 0 =2 o 0 0 0 1 0
0 0 -tanh2a 0 0 —tanha 0 0 l+tanh’c

(9) Products of sinjj (inverse formulae from addition formulae)

2sinhasinh g =coshx + ) —coshx — B) 2(sinjja ]x x)(injip ]x ]x) = cosjj(a + f) —cosjj(a - £)
—sinha 0 0 —-sinhg 0 0 cosh@+ ) 0 0 cosh@-p5) O 0
2 0 0 0 0 0 0 = 0 1 0 - 0 1 0
0 0 -sinha 0 0 -sinhg 0 0 cosh(e+ ) 0 0 cosh(@—p)

(10) Products of cosjj

2coshacoshg =coshx + ) +coshlx + ) 2cosjja cosjjf = cosjj(a + ) +cosjj(a — )
cosha O 0 coshg O 0 cosh@+ ) O 0 cosh@—-p) O 0
2l 0 1 0 0 1 0 = 0 1 0 + 0 1 0
0 0 cosha 0 0 coshp 0 0 cosh(@+ f) 0 0 cosh(@ - p)

(11) Products of sinjj and cosjj

2sinhacoshf =sinh(a + B) +sinh(a — 5) 2(sinjja ]x ]x)cosjjB =sinjj(a+ £) ] x | x+sinjjla— ) jx ] x
—sinha 0 0 coshpg 0 0 —sinfe+p) 0 0 —sinh(a—p) 0 0
2 0 0 0 0 1 0 |= 0 0 0 + 0 0 0
0 0 -sinhea 0 0 coshpg 0 0 —sin(fa+p) 0 0 —sinh(a-p)

The relations for zx plane (i x rotation axis) basis sines, cosines, and tangents (sinii, cosii, and tanii) are

(A) Hyperbolic Euler form (for cisii = expii) cosiif —siniidi x i x=expiid
(B) Hyperbolic conjugate Euler form cosiif +siniifi xi x= expii(—6)
(1) Basic hyperbolic relation (for sinii and cosii)  cosii’d — (sinii@i xi x)? =1

(2) Basic hyperbolic relation (for tanii and secii) 1— (taniioi x iA><)2 =secifé

(3) Compound angle formula for sinii sinii(a+ B)1 xi x=cosiiasiniifi xI x+cosiifsiniiai xI x

(4) Compound angle formula for cosii cosii(a + 3) = cosiicrcosiifs + (siniiat x1 x)(siniifi xi x)

(5) Compound angle formula for tanii tanii (a + B)1 x1 x= 1:?:;3‘;?;:;?{:;&'8?5)()

(6) Double angle formula for sinii sinii(2a)1 x1 x= 2cosiiasiniial x1 x

(7) Double angle formula for cosii cosii(2a) = cosii?a + (siniiai xi x)?

(8) Double angle formula for tanii tanii(Za)fXfx:(ZtaniiafxiAx)(l+(taniiaiA><iA><)2)7l

(9) Products of sinii 2(siniia 1 x1 x)(siniiB1 x1 x) = cosii(a + B) —cosii(a — )
(10) Products of cosii 2cosiia cosiif = cosii(a + ) +cosii(a — )

(11) Products of sinii and cosii 2(siniia i 1 x) cosiiB =sinii(a+ B) 1 xI x+sinii(c— )1 xi x
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Diadically expanded into matrix base for the i-hat principal rotation axis:

nb, sinii is coupled with the double cross ixix (similarly as coupling sini with ix)

o 0 0 o 0 0 0 0 O 0 0 0
sinii@ =| 0 sinhé@ 0 sinii@i xi x=| 0 sinh@ 0 0 -1 0 |=|0 -sinh® 0
0 0 sinh@ 0 0 sinh@ 0 0 -1 0 0 —sinh@

(A) Hyperbolic Euler form for cisii = expii

cosh@ +sinh@ = e’ cosiif —siniidi x i x=expiid
1 0 0 0 0 0 1 0 O
0 cosh 0 |-|0 —sinho 0 |=]0 ¢ o0
0 0 coshg) (O 0 —sinhe) (0 0 ¢’

(B) Hyperbolic conjugate Euler form

cosh@ —sinh@ =™’ cosii@ +siniifi x i x=expii(—0)
1 0 0 0 0 0 1 O 0
0 cosh 0 |+|0 —sinho 0 |=|0 e? o0
0 0 coshe) (0O 0 —sinhg) (0 0 e

(1) Basic circular relation for sinii and cosii

cosh? @—sinh? =1 cosii?d — (siniigi xi x)? =1
1 0 0 Y (0 0 0 ¥ (100
0 cosh@ 0 —| 0 —=sinh@ 0 =0 1 0
0 0 cosh@ 0 0 —sinh@ 0 0 1

(2) Basic circular relation for tanii and secii

1—tanh? @ = sech? @ 1— (tanii@i x i x)? =secif
100 (0 0 0o ¥ (1 o0 0 Y
0 1 0|-|0 —tanh@ 0 =|0 sechd 0
0 01 0 0 —tanh@ 0 0 sechd

(3) Compound angle formula for sinii

sinh(a + ) =sinhacoshB +coshasinh g sinii(a + B) i xi x=cosiiasiniifi x1 x+cosiigsiniiai x1 x
0 0 0 1 0 0 0 0 0 1 0 0 0 0 0
0 -—sinh(a+5) 0 =|0 cosha 0 0 -sinhpg 0 +|/0 coshpg 0 0 -sinha 0
0 0 —sinh(a + f) 0 0 cosha )| O 0 —sinh g 0 0 coshg \ 0 0 —sinha
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(4) Compound angle formula for cosii

coshx + B) = coshacoshpB +sinhasinh 5 cosii(a + B) = cosiiacosiif + (siniici xi x)iniifi xi x)
1 0 0 1 0 0 1 0 0 0 0 0 0 0 0
0 cosh(x+ ) 0 =|0 cosha 0 0 coshp 0 [+]|0 —sinha 0 0 -sinhg 0
0 0 cosh(x + f3) 0 0 cosha )\ 0 0 coshg 0 0 —sinha )\ 0 0 —sinh g

(5) Compound angle formula for tanii

tanii a1 x 1 x+ tanii 1 x1 x
1+ (tanii a1 x 1 x)(tanii B x1i x)

tanh(a + ) = (tanha + tanh )1+ tanha tanh )™ tanii (o + )i xi x=

-1

0 0 0 0 0 0 1 0 0
0 —tanh(a+ f) 0 =|0 —tana—-tang 0 0 l+tanhatanhpg 0
0 0 —tanh(ax + f) 0 0 —tana—tan g |\ O 0 1+tanhatanh g

(6) Double angle formula for sinii

sinh(2ar) = 2sinhacosha sinii(2a)1 x1 x= 2cosiiasiniial x1 x
0 0 0 1 0 0 0 0 0
0 -sinh2a 0 =2|0 cosha 0 0 -sinha 0
0 0 —sinh2«a 0 0 cosha )\ 0 0 —sinha

(7) Double angle formula for cosii

cosh@a) = cosif  +sinh? « cosii(2a) = cosii?a + (siniiai xi x)?
1 0 0 1 0 o ¥ (0 o0 0o )
0 cosh2a 0 =|0 cosha 0 +|0 -=sinha 0
0 0 cosh2a 0 0 cosha 0 0 —sinha

(8) Double angle formula for tanii

tanh(2a) = 2tanha(1+ tanh? aTl tanii(2a)i xi x= (2taniiafx fx)(1+ (taniioziA><iA><)2T1
0 0 0 0 0 0 1 0 0 -
0 —tanh2ax 0 =2|0 -tanha 0 0 l+tanh’a 0
0 0 —tanh2«a 0 0 —tanha )\ 0 0 1+tanh?«

(9) Products of sinii (inverse formulae from addition formulae)

2sinhasinh B = coshx + ) —coshi — A3) 2(siniier 1 x1 x)(siniiBi xi x) = cosii(a + ) —cosii(a — )
0 0 0 0 0 0 1 0 0 1 0 0
2|0 —sinha 0 0 -sinhg 0 =|0 cosh(a+ p) 0 —| 0 cosh(x - f) 0
0 0 —sinha )\ 0 0 —sinh g 0 0 cosh(@ + B) 0 0 cosh(a — )
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(10) Products of cosii

2coshacoshg =coshx + ) +coshix + ) 2cosiia cosiif = cosii(a + B) +cosii(a — )
1 0 0 1 0 0 1 0 0 1 0 0
2|0 cosha 0 0 coshpg 0 |[=|0 cosh(x+p) 0 +| 0 cosh(a—p) 0
0 0 cosha )\ 0 0 cosh g 0 0 cosh(a + ) 0 0 cosh(a — )

(11) Products of sinii and cosii

2sinhacoshg =sinh(a + B) +sinh(a — B) 2(siniia i x1i x) cosiiB =sinii(a+ B) 1 xi x+sinii(c— )1 xi x

0 0 0 1 0 0 0 0 0 0 0 0
2|0 -sinha 0 0 coshp 0 |=|0 -sinh(a+p) 0 +|0 —sinh(a—p) 0

0 0 -sinhe)0 0 coshg) (0O 0 —sinh(@+ )] |0 0 —sinh(e - f)

Like all the formulae in functions of kx , jx ,and i x , these also hold for the polar cylindrical and polar spherical bases such as
6, and ;/5 and their quaternion (complex number) operators fx , Ox , and q3>< (including the double crosses FxFfx ,

f
Ox60x and ¢xg¢x for centripetal forces in polars for example or for radar return echoes oriented over azimuth and elevation).

Identities of sinhk and coshk: Hyperbolic Relations of ixjx+jxix

Axis Osculating Hyperbolic Sine and Cosine — Relations of i x jx+ jxi x , Kxix+ixkx ,and jxKx+Kx jx .

Note that all of the trigonometric expressions with i = kx can alternatively be written with x jx— jxix because ofthe cross
product identity Kx = ix jx—]xix , ie. because the circular complex number (rotation operator) for the k-hat rotation axis can

be expressed alternatively as i = x jx— jxix fromthe identity kx = fx jx— jxix . If the negative sign in {x jx— jxix is
changed to a plus, ix jx+ jxix, then the circular complex number is converted into the hyperbolic complex number.

Unfortunately, this cross product operator doesn’t have a simpler form as of this time and so is large and bulky. This makes the
basis operator large and unwieldy. It is still works out perfectly but the equations are large. The diadically expanded operators,

though, are the same size as those for kx and kxkx and so do not pose a problem in a diadically expanded matrix basis. With
this caveat in mind, the algebraic size of i x jx+ jxi x , the identities for the axis osculating hyperbolics are now derived and

tabulated. In contrast to the diagonal attenuation matrices of the double cross hyperbolics, these are the hyperbolic equivalents to
the rotation matrices. For the double cross basis exponentials expkk, expjj, and expii the hyperbolic signs remain on the main
diagonal). So the principal difference here, with the axis osculating rather than sign osculating hyperbolics, is that the scalar sinh
functions for exphk, exphj, and exphi are located on the non-diagonals similarly as the scalar sines in expk, expj, and expi.

Basis Hyperbolic Sine and Cosine (Quaternion Hyperbolic Sine and Cosine) Identities

Trigonometric Identities of sinhk and coshk

coshkd =%(exphk (6) +exphk (-0)) sinhk@ (i x jx+ jxi x):%(exphk (0) —exphk (-0))

— l(eg(fxix+jxfx) + efé’(i"x jx+jxfx) ) — %(ee(fxix+ixfx) _efe(fxix+j><f><))
costh:%(exphj (6) +exphj (-6)) sinhjO (K xi x+1 x K x) :%(exphj (6) —exphj (-0))

_ l[eg(kﬂxiAXJriAxkﬂx) 4 e—@(lzxiAeriAxIEx) ) =l(e9(lz><fx+f><|2x) _efe(IinAxﬂ"lex) )

and
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coshi = %(exphi (6) + exphi (—6)) sinhi@ (jx Kk x+Kx ] %) :%(expi (6) —expi (-0))

— l(ee(jxl&ﬂixjx) T e—H(jxlszzx ]x) ) — l(eg(jxﬁxﬂ& j><) _e—H(ixlszEx ]x))

Negative arguments of coshk and sinhk (and tanhk)
Corresponding to cos(-6) =cosé, sin(—0) = —sin @, and tan(-0) = —tané

coshk(—6) = coshkf
sinhk(=0) (i x ] x+ jxI x)=-sinhkA (i x | x+ J xi x)
tanhk(=0) (i x jx+ jxi x) =—tanhkd (i x j x+ jxi x)

for the k-hat xy orthogonal plane, as well as for j-hat and i-hat (zx and yz planes)

coshj(—6) =cosjho coshi(—6) = coshi@
Sinhj(=0) (K <1 x+1 x Kk x) =—sinhj& (K x i x+ i x Kk x) sinhi(=0) (j x K x+ K x ] x) =—-sinhi@ (j xk x+k x j x)
tanhj(—e)(lgxfx+f><|2><)=—tanhj 0(|2xfx+fx|2><) tanhi (—6?)(j°><I2><+|2>< jx):—tanhi 9(jx|2><+|2>< jx)

For the xy-plane and the k-hat hyperbolic foci
Coshk(_e) — l(e(—ﬁ)(ijx+jxfx) +e—(—€)(f><i><+i><f><))
2

2 2
=coshk@

1 (e—ﬁ(fxix+ixfx) 4 e@(fx jx+jxf><)) 1 (eﬁ(ijx+jxfx) 4 e—H(ijx+i><f><))

cosh(-9) 0 0 coshé 0 0
coshk(-0) = 0 cosh-8) 0|=| O cosh@ 0 |=coshkd
0 0 1 0 0 1

sinhk(=0) (i x jx+ jxi x) = %(e@@)(fxiwixfx) e (0o

_ 1 (efe(ijerixihx) _eg(ijx+i><f><)) 1 (eé(fxix+j><fx) _efﬂ(fxierixiAx))

2 2
= —sinhk Ok x
0 —sinh(-¢) 0 0 sinhd 0 0 —sinhé 0
sinhk(-6) (i x ] x+ j xi x) =| sinh(-6) 0 0|=|-sinh 0 0|=-sinh@ 0 0
0 0 0 0 0 0 0 0 0

=—sinhk@ (i x jx+ xIx)

tanhk (—6) (i x j x+ J x1 x) = (coshk(=6)) *sinhk(=6) (i x j x+ ] xi x) = (coshkd) *sinhkk x=tanhk & (i x j x+ j x1i x)

0 —tanh(-6) 0 0 tanhé 0 0 —tanhé 0
tanhk (=6) (i x ] x+ jxi x) =| tanh(-0) 0 0|=|-tanh@ 0 0|=-|tanh@ 0 0
0 0 0 0 0 o0 0 0 0

=—tanhk O (i x jx+ ] xi x)
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Unlike for the hyperbolic double crosses, the periodic properties corresponding to cosh@+ 2zni)=coshd,

sinh(@+2zni) =sinh @, and tanh(@+ 2zni) =tanh@ for the axis osculating hyperbolics are unclear at the present time. This is

because left to right multiplication by i = kx of ixjx+jxix differs fromthat of the left to right multiplication by ixjx+jxix of i = kx
within the hyperbolic argument

-1 00 100
Kx(ixjx+jxix)=| 0 1 0 whilst (ixjx+jxix)kx=[0 -1 0
0 00 0 00

For this reason, the periodic properties of the axis osculating hyperbolics are omitted [due to not at this time wanting to determine
all of the details of the ordering of the operators in the hyperbolic argument].

Being similarly stated for the double cross hyperbolics, the scalar hyperbolic identities are

(A) Hyperbolic Euler form coshd+sinh@ =e?

(B) Hyperbolic Conjugate Euler form coshd—sinh@=e?

(1) Basic hyperbolic relation for sinh and cosh cosh?6—sinh? 9 =1

(2) Basic hyperbolic relation for tanh and sech 1—tanh? @ =sech? @

(3) Compound angle formula for sinh sinh(a + B) =sinhacoshg +coshasinh
(4) Compound angle formula for cosh coshi + ) =coshacoshg +sinhasinh
(5) Compound angle formula for tanh tanh(a + f§) = (tanha + tanh,B)(1+ tanho:tanhﬂ)_1
(6) Double angle formula for sinh sinh(2a) = 2sinhacosha

(7) Double angle formula for cosh cosh@a) =cosh? o +sinh?

(8) Double angle formula for tanh tanhQx) = 2tanha(1+ tanh? ayl

(9) Products of sinh 2sinhasinh g = cosh + B) —coshi — )
(10) Products of cosh 2cosha cosh g = cosh(a + f) + cosh(a + )
(11) Products of sinh and cosh 2sinhacoshf =sinh(ax + ) +sinh(a — )

The axis osculating hyperbolic complex numbers for each of the three R® orthogonal planes and hyperbolic foci are

00 0YO O 1) (0 0 1Y0 0 O 010
Ix]x+]xix=/0 0 -1/ 0 0 O[+/0 0 0|0 0 -1|=[1 0 O for the xy plane

01 0)J-100)(-100J/01 O 000

-1 0Y0 0 0) (0 O 0YO0 -1 0) (0 0 1
kKxix+ixkx=[1 0 0]0 -1|+/|0 0 -1|1 0 O0f=/0 0 O for the zx plane

0 0jo1 0o)lo1 0jo 0 0) (100

0 01 -1 0) (0 -1 0YO0 0 1) (0 0 O
jxkx+kxjx=| 0 0 1 0 0|+/1 0 of0 0 0|=|0 1 for the yz plane

-1 0 0 0 0)J)lo o of-1 00/ (010

These are the same diadically expanded operators of the circular complex numbers (IZx , ]x ,and I x ) with the single difference

of the absence of the sign change in one of the two curl positions. This is what makes these operators hyperbolic rather than
circular. These operators then produce the axis osculating basis hyperbolics.

The axis osculating hyperbolic complex number for the plane orthogonal to the k-hat rotation axis is i x jx+ jxi x . The relations

for xy plane (I2>< rotation axis) hyperbolic basis sines, cosines, and tangents (sinhk, coshk, and tanhk) are

(A) Hyperbolic Euler form coshkd+sinhka (i x j x+ | xi x) =exphkd
(B) Hyperbolic Conjugate coshkd —sinhkd (i x | x+ jxI x) =exphk(—6)
(1) Basic hyperbolic relation coshkzﬁ—(sinhkﬁ(fx Jx+ jxfx))z =1
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(2) Basic hyperbolic relation
(3) Compound angle formula

(4) Compound angle formula
(5) Compound angle formula

(6) Double angle formula
(7) Double angle formula

(8) Double angle formula

(9) Products of sinhk
(10) Products of coshk

(11) Products sinhk and coshk

Hyperbolic Relations of kx k x and i x jx+ ] xi x 2024-2025

1—(tanhk19(fx Jx+ J°><iA><))2 =sechid

sinhk(a + B) (i x ] x+ ] xi x) = coshkasinhkS (I x ] x+ | xi x)
+coshkgsinhka (I x jx+ ] x1 x)

coshk(a + 8) = coshkacoshkB +sinhka (i x jx+ jxi x)sinhkB(i x j x+ jxi x)

tanhk o (i x jx+ jxi x)+tanhk B (i x ] x+ | xi x)

1+tanhk (i x jx+ jxi x)tanhk B (i x ] x+ j xi x)

sinhk(2a) (i x j x+ <1 x)=2coshkasinhka (i x jx+ jxi x)

coshk (2a) = coshk 2a + (sinhka(fx Jx+ ] x iA><))2

tanhk (o + B) (i x jx+ jxix) =

tanhk(2a) (i x ] x+ jxfx):(Ztanhl«z(fx jx+ jxfx))<l+(tanhka(f>< jx+ jxfx))zyl
2sinhka (1 x | x+ Jx1 x)sinhkB (I x jx+ ] xi x) =coshk(a + ) —coshk(a — )
2coshka coshkp = coshk(a + f) + coshk(ax — 3)
2sinhke (i x | x+ ] xi x)coshkg = sinhk(a + B) (i x ] x+ | xi x)

+sinhk(a — B) (I x ] x+ ] x1 x)

Diadically expanded into matrix bases:

Noting here for reference that I have coupled sinhk with § x jx+ jxi x

sinh@ 0 0
sinhk@=| 0 sinhé 0
0 0 0

sinh@ 0 0Y0 1 O 0 sinhé 0
sinth(ijx+jxfx): 0 sinh@ 0|1 O O|=|sinhg 0 0
0 0 )0 0 O 0 0 0

(A) Hyperbolic Euler form for cishk = exphk

coshkd+sinhkd (i x j x+ ] xi x) =exphkd

coshé 0 0 0 sinhé 0 cosh@ sinh@ 0
0 cosh@ 0 |+|sinhe 0 0 |=| sihnh@ coshd O
0 0 1 0 0 0 0 0 1
(B) Hyperbolic Conjugate Euler form
coshkd —sinhkA(i x jx+ jxi x) =exphk(—8)
coshé 0 0 0 sinh@ O coshd —sinhg 0

cosh@ 0 |-|sinh@ 0 0|=|-sinh@ coshd O
0 1 0 0 0 0 0 1

(1) Basic hyperbolic relation for sinhk and coshk

coshkze—(sinhkﬁ(fx jx+ jxfx))z =1

2

cosh9 0 0 0 sinhe 0¥ (1 0 O
0 cosh@ 0| —|sinhé@ 0 0l ={0 1 O
0 0o 1 0 0 0 00 1
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(2) Basic hyperbolic relation for tanhk and sechk
1—(tanhk19(fx jx+ jxfx))z =sechléd
100 0 tanhe 0’ (sechd 0 0Y
0 1 0|-|tanhé 0 0| =| O sechd 0
0 01 0 0 0 0 0 1
(3) Compound angle formula for sinhk
sinhk(a + B) (i x ] x+ jxI x) =coshkasinhkB (i x jx+ jxi x) +coshkBsinhka (i x jx+ jxi x)
0 sinh(e+p3) 0 cosha 0 0 0 sinhg 0 coshpg 0 0 0 sinha 0
sinh(a + ) 0 Oj=| O cosha 0| sinhg 0 O+ O coshpg 0| sinha 0 0
0 0 0 0 0 1 0 0 0 0 0 1 0 0 0
(4) Compound angle formula for coshk
coshk(a + 8) = coshka coshkB +sinhke (i x jx+ jx1 x)sinhkB (i x jx+ jxi x)
cosh(a + ) 0 0 cosha 0 0) coshp 0 0 0 sinha 0 0 sinhg 0
0 coshi@+p) 0[=| O cosha 0 0 coshg 0 |+]|sinha 0 0| sinhp 0 0
0 0 1 0 0 1 0 0 1 0 0 0 0 0 0
(5) Compound angle formula for tanhk
tanhk (c + B) (F x4+ jxix) = tanhk o (i ><.Aj x:r J><: xp)+tanhkﬂ(|p>< ch+ ]ex I,X)
1+tanhk (i x Jx+ | x1 x)tanhk B (i x Jx+ Jx1x)
0 tanh(e+B) 0 0 tanha +tanh 8 0)1+tanhatanh B 0 0"
tanh(x + ) 0 0 |=| tanha +tanh g 0 0 0 l+tanhatanh g 0
0 0 0 0 0 0 0 0 1

(6) Double angle formula for sinhk
sinhk(2a) (i x j x+ | <1 x)=2coshkasinhka (i x ] x+ jxi x)

0 sinh2a 0 cosha 0 0 0 sinha 0
sinh2a 0 0(=2 O cosha 0| sinha 0 0
0 0 0 0 0 1 0 0 0

(7) Double angle formula for coshk

coshk (2a) = coshk e + [sinhka (i x jx+ jxi x)f

cosh2a 0 0 cosha 0 0)? 0 sinha  0Y’
0 cosh2a 0= 0 cosha 0| +|sinha 0 0
0 0 1 0 0 1 0 0 0
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(8) Double angle formula for tanhk

tanhk(2a) (i x jx-+ ] xi x)= (2tanhka ( x jx-+ i %)L+ (tanhker (x o jxi <))

tanh 2«

-1

tanh2a 0 0 tanha OY1l+tanh?« 0 0
0 0|=2|tanhae 0 O 0 1+tanh’a 0O
0 0 0 0 0 0 0 1

(9) Products of sinhk

2sinhke (i x ] x+ ] xi x)sinhKB (i x j x+ jxi x) = coshk(a + ) —coshk(a — )

0 sinha
2| sinha 0
0 0

cosha 0
2 0 cosha
0 0

o

0

o O

o

[ERN

sinhg 0 cosh(a + f) 0 0 cosh(a - f3) 0 0
sinh g 0 0= 0 cosh@+ ) 0|- 0 cosh@—-p) O
0 0 0 0 1 0 0 1

(10) Products of coshk

2coshka coshkf = coshk(a + f) + coshk(a — )

coshp 0 0 cosh(a + B) 0 0 cosh(a — f3) 0 0
0 coshg 0= 0 coshi@+p) 0|+ 0 coshi@-4) 0
0 0 1 0 0 1 0 0 1

(11) Products of sinhk and coshk

2sinhka (i x ] x+ | xi x)coshkB =sinhk(a + B) (i x | x+ | xi x)+sinhk{c — B) (i x j x+ | x1 x)

0 sinha 0\ coshp 0 0 0 sinh(e+ ) 0 0 sinhe—-p) 0
2| sinha 0 0 coshg 0 |=|sinh(a + f) 0 0 |+| sinh(e — f) 0 0
0 0 0 0 1 0 0 0 0 0 0

The axis osculating hyperbolic complex number for the plane orthogonal to the j-hat rotation axis is k xi x+1i xK x . The relations
for yz plane ( jx rotation axis) hyperbolic basis sines, cosines, and tangents (sinhj, coshj, and tanhj) are

(A) Hyperbolic Euler form
(B) Hyperbolic Conjugate
(1) Basic hyperbolic relation

(2) Basic hyperbolic relation

(3) Compound angle formula

(4) Compound angle formula

(5) Compound angle formula

(6) Double angle formula

(7) Double angle formula
(8) Double angle formula

(9) Products of sinhj

coshj@+sinhjo(k xi x+1i x k x) =exphj 6

coshj@—sinhjo (k xi x+1 xk x) = exphj (-6)

coshjze—(sinhje(lixi‘x+i‘x|2x))2 =1

l—(tanhj&(l?xfxﬁxl?x))z =sechfd

sinhj(ar + B) (K x1 x+1 xk x) =coshjasinhjB (k xi x+1 xk x)
+coshjBsinhjor (Kx i x+1 xkx)

coshj(e + B) = coshjacoshj B +sinhjer (K xi x+1 xk x)sinhj B (K x| x+1 xk x)

tanhja(IZXiAx-i-iAxIZx)+tanhj,B(l2xfx+fxl2x)
1+tanhj a(IZXiAx+iAXIZX)tanhj,b’(lzxiAxHAxkAx)

tanhj (a + B) (Kx 1 x+1 xkx) =

sinhj(2a) (k xi x+1 xk x)= 2coshjasinhja (k x1 x+1 xk x)
coshj(2a) :COShjZOK-i-(SinhjC{(k\XiA><+i\>(|2><))2
tanh_KZa)(lefx+fx|2><):(2tanhja(l2><fx-i—fx|2><))(1+(tanhja(|2><fx+iAxI2x))2T1
2sinhja (Kxi x+1 x kx)sinhi/8 (K <1 x+1 x k x) = coshj(a + ) - coshj(a — )
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(10) Products of coshj 2coshjacoshjs = coshya + f) +coshya — 5)
2sinhja (k x 1 x+1 xk x)coshjB = sinhj(a + B) (K xi x+1 xK x)

(11) Products sinhj and coshj A A A A
+sinhj(a — B) (K x1 x+1 xk x)

Diadically expanded into matrix base for the j-hat principal rotation axis:

nb, sinhj is coupled with K xi x+1 x K x

sinhd 0 0 sinh@ 0 0 0 01 0 0 sinh@
sinhjo=| 0 6 0 sinhjo(kKxix+ixkx)=| 0 @ 0 |0 0 O|=] 0 O O
0 0 sinh@ 0 0 sinhéo)1 0 O sinh@ 0 0

(A) Hyperbolic Euler form for cishj = exphj

coshj @ +sinhj & (k xi x+1 xK x) =exphj &

cosh@ 0 0 0 0 sinh@ cosh@ 0 sinh@
0 1 0 [+ O 0 0 |[= 0 1 0
0 0 cosh@ sinhé 0 0 sinh@ 0 coshé@

(B) Hyperbolic Conjugate Euler form

coshj@—sinhj@ (k xi x+1 xK x) = exphj (-6)

coshgd 0 0 0 0 sinh@ cosh@ 0 -sinh@
0 1 0O |-| O 0 0 |[= 0 1 0
0 0 cosh@ sinhd 0 0 sinh@ 0 cosh@

(1) Basic hyperbolic relation for sinhj and coshj
coshjze—(sinhje(lixfx+fx|2x))z =1
cosho 0 0 Y ( 0 0 sinhg) (1 0 0
0 1 0 -1 0 0 0 =0 1 0
0 0 coshé sinhg 0 0 0 01
(2) Basic hyperbolic relation for tanhj and sechj
1—(tanhj0(l2><iA><+iAxI2><))2 =sechfé

0 0 tanho)® (sechd 0 0 Y

1 00
01 0|-] O 0 0 =l 0 1 0
0 01 tanh@ 0 0 0 0 sech@

(3) Compound angle formula for sinhj

sinhj(ar + B) (k x1 x+1 xk x) =coshjarsinhjB (k xi x+1 xk x) +coshjgsinhjer (K x1 x-+1 xk x)

0 0 sinh(a+p) cosha 0 0 0 0 sinhg coshg O 0 0 0 sinha
0 0 0 = 0 1 0 0 0 0 |+ O 1 0 0 0 0
sinh(e+p4) O 0 0 0 cosha \sinhg 0 0 0 0 coshg \sinha O 0
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(4) Compound angle formula for coshj

coshj(a + B) = coshjacoshjf +sinhja (k xi x+1 xk x)sinhjB (K xi x+1 xk x)

cosh@+p) 0 0 cosha 0 0 coshg 0 0 0 0 sinha 0 0 sinhg
0 1 0 = 0 1 0 0 1 0 [+ O 0 0 0 0 0
0 0 cosh(@+p) 0 0 cosha 0 0 coshpg) \sinha O 0 sinhg 0 0

(5) Compound angle formula for tanhj

tanhja(lzxiAx+iA><|2x)+ta11hj,3(l2xfx+f><l2><)
1+tanhj a(lzxiAx+iAxlzx)tanhj,b’(kAxiAxHAxkAx)

tanhj(a+ﬁ)(l2xfx+fx|2x):

-1

0 0 tanh(x+ /) 0 0 tanha+tanhpg\1+tanhatanhg 0 0
0 0 0 = 0 0 0 0 1 0
tanh(@+p5) O 0 tanha+tanh g 0 0 0 0 l+tanhatanhpg

(6) Double angle formula for sinhj

sinhj(2a) (k x 1 x+1 xk x)= 2coshjasinhja (K x 1 x+1 xk x)

0 0 sinh2a cosha 0 0 0 0 sinha
0 0 0 =2 0 1 0 0 0 0
sinh2a 0 0 0 0 cosha )\sinha 0 0

(7) Double angle formula for coshj

coshy2a) :COShj2a+(Sinhja(I2><fx+fx|2><))2

2

cosh2a 0 O cosha 0 0 0 0 sinha)
0 1 0 = 0 1 0 + 0 0 0
0 0 cosh2a 0 0 cosha sinha 0 0

(8) Double angle formula for tanhj

tanh_KZa)(IinAxHAxIZx): (2tanhja(l2xfx+fxl2><))ﬁ+ (tanhja(IZXiAx+ iAxIZX))Zyl

-1

0 0 tanh2a 0 0 tanha)l+tanh’a 0O 0
0 0 0 |=2/ o o0 0O 0 1 0
tanh2a 0 0 tanha 0 0 0 0 1+tanh’«

(9) Products of sinhj

2sinhja (k x1 x+1 xKk x)sinhjB (K x x+1 x k x) = coshj(a + 8) —coshj(a — B)

0 0 sinha 0 0 sinhpg coshi@+p) O 0 coshi@-p) 0 0
2l 0 0 0 0 0 0 |= 0 1 0 - 0 1 0
sinha 0 0 sinhg 0 0 0 0 cosh@+p) 0 0 cosh(@- /)
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(10) Products of coshj

2coshja coshjp = coshya + ) +coshja — )

cosha 0 0 coshg 0 0 cosh@+p) 0 0 coshi@—-p) 0 0
2| O 1 0 0 1 0 |= 0 1 0 + 0 1 0
0 0 cosha 0 0 coshpg 0 0 cosh(x+ f) 0 0 cosh(x-p)

(11) Products of sinhj and coshj

2sinhja (K xi x+1 xk x)coshjB = sinhj(a + B) (K xi x+1 xk x) +sinhj(a — B) (K x| x+1 xK x)

0 0 sinha)coshg 0 0 0 0 sinh(a+ p) 0 0 sinh(x—-p)
2 0 0 O 0 1 0 |= 0 0 0 + 0 0 0
sinha 0 0 0 0 coshp sinh(e+ ) 0 0 sinh(a—-p) 0 0

The axis osculating hyperbolic complex number for the plane orthogonal to the i-hat rotation axs is jxl2x+|2><jxl€ . The

relations for zx plane (i x rotation axis) hyperbolic basis sines, cosines, and tangents (sinhi, coshi, and tanhi) are

(A) Hyperbolic Euler form coshi&+sinhi0(j><l2><+|2x jx) =exphi 8
(B) Hyperbolic Conjugate coshi@—sinhi@(ijZerIZx jx) = exphi (-6)
(1) Basic hyperbolic relation coshizﬁ—(sinhiﬁ(ixﬁxHZx jq><))2 =1

(2) Basic hyperholic relation 1—(tanhi9(j><|2><+l2>< jx))z =sechd

sinhi(a+ B) (] xk x+ K x ] x) =coshiasinhif (] xk x+k x ] x)
(3) Compound angle formula .
+coshigsinhia (jxkx+kx jx)

(4) Compound angle formula coshi(a + B) = coshiacoshif +sinhia (] x K x+ K x | x)sinhiB(jxkx+kx jx)

(5) Compound angle formula tanhi (. + B) (jxKx+Kkx | x) = tanhi o (] XAk kax) ><2+tanh|ﬂ({>< kAXJrkAX JAX)
1+tanhi a(jxk x+kx jx)tanhi B(jxkx+kx jx)

(6) Double angle formula sinhi(2a) (j xk x+k x jx)=2coshiasinhic (jxk x+k x j x)

(7) Double angle formula coshi(2«) :coshi2a+(sinhia(j><l€x+l2x jx))2

(8) Double angle formula tanhi(2a) (] <Kk x+k x jx)=(2tanhia(j>< K x+K x jx))(1+(tanhia(j>< K x+K x jx))zfl

(9) Products of sinhi 2sinhia (§xk x+K x | x)sinhig (jxKk x+K x ] x) = coshi(a + ) —coshi(a — )

(10) Products of coshi 2coshia coship = coshi(a + ) + coshi(a — )

2sinhia (] xk x+k x j x)coshi =sinhi(a + B) (j xk x+k x | x)

(11) Products sinhi and coshi s oA A s
+sinhi(a — B) () xk x+k x jx)

Diadically expanded into matrix base for the i-hat principal rotation axis:

nb, sinhi is coupled with jxk x+kx j x

6 0 0 6 0 0 Yo 0O (0 O 0
sinhig=0 sinhe 0 sinhi@(jxkx+kxjx)=|0 sinh@ 0 |0 0 1|=[0 0 sinho
0 0 sinh@ 0 0 sinh@ 0 1 O 0 sinh@ 0
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(A) Hyperbolic Euler form for cishi = exphi

coshi@ +sinhi@ (] xk x+K x ] x) =exphi @

1 0 0 0 0 0 1 0 0
0 coshe@ 0 +| 0 0 sinh@ |=|0 coshd sinh@
0 0 cosh@ 0 sinh@ 0 0 sinh@ cosh@

(B) Hyperbolic Conjugate Euler form

coshi@—sinhi@ (] xk x+k x j x) = exphi (—6)

1 0 0 0 0 0 1 0 0
0 coshe@ 0 -0 0 sinh@ |=|0 coshf® -sinh@
0 0 cosh@ 0 sinh@ 0 0 -sinh@ cosh@

(1) Basic hyperbolic relation for sinhi and coshi
coshiZH—(sinhie(ijZXHZx j><))2 =1
0 oY (0o o oY

1
cosh@ 0 -0 0 sinh@| =|0
0 cosh@ 0 sinh@ 0 0

[EEN

o
o+~ O
= O O

o

(2) Basic hyperbolic relation for tanhi and sechi

1—(tanhi9(j><|2x+I2>< j><))z =sechd

[N

0 0) (0 0 0 Y (1 o0 0 \?
1 0(-|0 0 tanh@ | =|0 sechd 0
0 1) (0 tanhe © 0 0 sechd

o O

(3) Compound angle formula for sinhi

sinhi(a + B) (jx k x+kx ] x) =coshiasinhif(jxk x+k x ] x)+coshiBsinhic (] xK x+K x ] x)

0 0 0 1 0 0 0 0 0 1 0 0 0 0 0
0 0 sinh(a+f) |=| 0 cosha 0 0 0 sinhg |+| 0 coshpg 0 0 0 sinha
0 sinh(a+p) 0 0 0 cosha \ 0 sinhpg 0 0 0 coshpg \ 0 sinha 0
(4) Compound angle formula for coshi
coshi(a + ) = coshiacoshiB +sinhia (] xk x+ K x ] x)sinhig (] xk x+Kx jx)
1 0 0 1 0 0 1 0 0 0 0 0 0 0 0
0 cosh(@+ /) 0 =|0 cosha 0 0 coshp 0 |+|0 0 sinha || O 0 sinh g
0 0 cosh(x + f) 0 0 cosha |\ 0 0 coshg) |0 sinha 0 0 sinhg 0
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(5) Compound angle formula for tanhi

tanhi (a+ﬁ)(j><kA><+|2>< ix) = tanhi a(JXAka_kXAJ X)+tmhlﬁ(JAXkAx+kAx ij)
1+tanhi a(Jxkx+kx Jx)tanhi () xkx+kx Jx)

0 0 0 0 0 0 1 0 0 -
0 0 tanh(e+ ) |=| 0 0 tanha+tanh g | 0 1l+tanhatanhg 0
0 tanh(a+p) 0 0 tanha+tanhp 0 0 0 l+tanhatanh g

(6) Double angle formula for sinhi

sinhi(2a) (j x K x+k x ] x)= 2coshiasinhia (] xk x+K x | x)

0 0 0 1 0 0 0 0 0
0 0 sinh2a [=2| 0 cosha 0 0 0 sinha
0 sinh2a 0 0 0 cosha | 0 sinha 0

(7) Double angle formula for coshi
Coshi(Za):coshi2a+(sinhia(j><I2x+12><jx))z
1 0 0 1 0 o ¥ (0o o 0 Y

0 cosh2a 0 =|0 cosha 0 +|0 0
0 0 cosh2a 0 0 cosha

sinha
0 sinha 0

(8) Double angle formula for tanhi

tanhi(2a) (j <K x+K x jx)z(ztanhia(jxlzmix jx))(1+(tanhia(jx|2x+|2x jx))zfl

0 0 0 0 0 0 Y1 0 0 -
0 0 tanh2a |=2/|0 0  tanha |0 l+tanh?a 0
0 tanh2ax 0 0 tanhae 0 J\O 0 1+tanh? &

(9) Products of sinhi
2sinhia (j xk x+K x ] x)sinhig(jxK x+K x ] x) = coshi(e + ) —coshi(a — )

0 0 0 0 0 0 1 0 0

1 0 0

2|0 0 sinha | O 0 sinhg |=|0 cosh(x+ f) 0 —| 0 cosh(@—-p) 0
0 sinha 0 0 sinhpg 0 0 0 cosh(a + ) 0 0 coshe — B)

(10) Products of coshi
2coshia coshi g = coshi(a + ) + coshi(a — )

1 0 0 1 0 0 1 0 0 1 0 0

2| 0 cosha 0 0 coshg 0 |=|0 cosh(@+p) 0 +|0 cosh(@—p) 0
0 0 cosha |\ O 0 coshpg 0 0 cosh(e + f) 0 0 cosh(a — f)
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(11) Products of sinhi and coshi

2sinhic (§xk x+K x | x)coshif = sinhi(a + B) (] xk x+k x ] x) +sinhi(a— B) (] xk x+k x ] x)

0 0 0 1 0 0 0 0 0 0 0 0
2|0 0 sinha | 0 coshg 0 |=|0 0 sinh(e+ p) |+| 0 0 sinh(a — f)
0 sinhe 0 0 0 coshpg 0 sinh(ax+ p) 0 0 sinh(e-p) 0

Because the hyperbolic complex number {x jx+ jxix is so large and bulky, and so unwieldy [it doubles the equation size in

some instances], | had considered the commutator notation [i x, jx]. The problem here is that the commutator notation changes

the sign of the second term whereas the hyperbolic complex number requires the same sign on both terms for the hyperbolic
properties. With the sign change as the commutator operator is currently defined, this produces that for the circular complex

number K x
[i x, | x]=1x ] x— jxi x=Kx

So this notation isn’t as of this time used here. It may, though, be of value to other readers in their research and mathemat ical

toolkit. The three circular complex numbers (basis rotation operators kx, jx,and I x) in commutator operator notation are

[i x, | x]=1x ] x— ] xi x=Kk

X

In diadically expanded matrix bases

00 0YO 0 1) (0 0 1Yo 0 0) (0 -1 0
[ix,jx]=Ixjx—jxix=[{0 0 -1/ 0 0 0|-|0 0 00 -1|=|1 0 0|=kx
01 0f-100) (-1 00)J01 0 00
-1 00 0 0) (0 0O 0Y0O -1 0) (O
[kx,ix]=kxix—ixkx=|1 0 0[0 0 -1|-|0 0 -1{1 0 0|={0 0 0|=]x
0 0)Jo0 1 0)Jlo1 0)Jo 0 0/ (-1 0

o
o
[ERN
-
o
o
o

0 -1 0) (0 -1 00 O
[x,kx]=jxkx—Kkxjx=| 0 0 0|1 0 0|-|1 0 0|0 O 0 0 —1|=ix
0 0 0J]lo o 0f-1 00/ (01 O

o
Il

|
'_\
o
o

This demonstrates the overwhelming importance and non-triviality of a single sign as it completely changes the nature of the
operators (here, from circular to hyperbolic). It definitely would have made nice notation for the axis osculating hyperbolic basis

functions. Thinking of maybe a possible conjugate notation [i x, jx]", [kx,i x]", and []x,kx]"

00 0OYO 01) (0 0 1Yo 0 0) (0 1 0
[ix, jx]"=ixjx+jxix=|0 0 =1/ 0 0 O|+/0 0 0|0 O —-1|=[1 0 O
01 0)fj-100)/ (-1 0001 0) (000D
-1 0 0 0y (00 0Y0O -10) (00 1

[Kx,ix] =kxix+ixkx=[1 0 0[]0 0 -1|+|0 0 -1|1 0 0|=|0 0
0 ojo1 0)(01 0)JO 0 0/ (100
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[Jx,|2><] =j><|2><+|2><j><
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0 0 1Yo -1 0 0 -1 00 01 00O
0 0 0j1 0 O|+/1 0 O)J 0O O O0O|=|0 01
-1 0 OO O O 0 0 0j-1 00 010

Also, defining the circular and hyperbolic complex numbers (basis function cross products with the same properties of complex
algebra [i.e., vector algebra]) in this way, such as i x jx+ jxix with (1)k =i x jx— jxix for circular and (2)1 x jx+ j xi x

for hyperbolic, provides a means to produce elliptic harmonic (with aix jx—b jxix) and elliptic hyperbolic (with

ai x j><+b j>< I x ) complex numbers which i have yet to type up. Works out quite nicely as well. | have too many results and not
enough time to type them all up... and i haven’t started with the calculus yet either [which i am expecting will correspond with

electromagnetism one for one].
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